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Abstract

This paper presents two related research projects that explore different aspects of
hyperbolicity in both group-theoretic and geometric contexts.

In part 1, we construct a random model for an n-fold branched cover of a finite
2-complex X. With mild hypotheses on X, we show that as n goes to infinity, a
random branched cover is asymptotically almost surely homotopy equivalent to a 2-
complex satisfying geometric small cancellation. As a consequence, the fundamental
group is asymptotically almost surely Gromov hyperbolic and has small cohomological
dimension.

In part 2, we consider geometric and topological properties of cusped spaces and
branched coverings of finite-volume manifolds modeled on H™ x H". Let M be a
finite-volume manifold whose universal cover M is isometric to H™ x H", and let S
be a compact, totally geodesic, codimension-two submanifold of M whose lift to M
is isometric to H™™! x H"~!. We consider manifolds N = M \ S and X;, an n-fold
branched covering over S. For a product lattice I' = T",,, x I';, that gives rise to M,
we prove that N admits a complete, finite-volume, A-regular metric with nonpositive
sectional curvature and X, also admits a nonpositively curved Riemannian metric.
More generally, for any lattice I' < Isom(H™ x H") and € > 0, we show that N and X,
admit complete Riemannian metrics of almost nonpositive sectional curvature, with
volume bounds independent of .
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Chapter 1: Hyperbolicity of Random Branched Coverings

1.1 Introduction

The probabilistic method was originally pioneered by Erdos, and was used as a
non-constructive approach to showing the existence of interesting examples in com-
binatorics and graph theory, see e.g. the classic text by Alon—Spencer [1]. The
method has been particularly effective in graph theory, with random graphs having
evolved into its own field of study. Random models have since been developed to
study higher dimensional simplicial complexes (Kahle [28]), random closed surfaces
(Brooks—Makover [8]), and random 3-manifolds (Dunfield—Thurston [11]). In the
late 1980s, Gromov launched the study of random groups. The two main models for
random groups are the density model and the few relator model, see Gromov [18] and
the survey article by Ollivier [37].

A common theme in these approaches is that a space is built by attaching spaces
together via a random process. In the case of random graphs or simplicial complexes,
edges or simplices are added to a vertex set at random. In the setting of random
surfaces or 3-manifolds, triangles or handlebodies are glued together via a suitable

random process. In the setting of random groups, one can think of relations as 2-cells



being randomly attached to a bouquet of circles, with the random group being the
fundamental group of the resulting 2-complex.

A different topological construction that is commonly used in low-dimensional
topology is that of branched covers. All closed oriented surfaces can be realized as
branched covers over the sphere, a fact that is also true for 3-manifolds (Hilden [27]
and Montesinos [35]). Branched covers have also been a source of many interesting
examples in the geometry of negatively curved manifolds, see e.g. Gromov—Thurston
[21], Fine—Premoselli [14], Stover—Toledo [41], Minemyer [33], Guenancia-Hamenstéadt
[24]. From this viewpoint, it is natural to look for a random model for branched cov-
ers. In the present paper, we construct a random model for branched covers of finite

polygonal 2-complexes and prove:

Main Theorem. Let X be an acceptable finite polygonal 2-complex, and fix X > 0
an arbitrarily constant. Let X (o) be an n-fold random branched cover of X. Then
X (o) is asymptotically almost surely homotopy equivalent to a 2-complex satisfying

geometric C'(X)-small cancellation.

By a polygonal 2-complex, we mean a 2-dimensional CW-complex where the at-
taching maps are particularly simple, as described here. The 1-skeleton is metrized
by having each edge of length one and having a prescribed orientation. The 2-cells are
identified with disks scaled so that their perimeter is an integer. We then subdivide
the boundary of the 2-cell into consecutive intervals of length one, and the attaching
map is required to map each of these intervals isometrically onto a single edge of
the 1-skeleton. For these CW-complexes, the attaching maps for each disk can be

described just be enumerating the sequence of edges traversed in the 1-skeleton. Note



that we are allowing the possibility of a disk attaching to a single edge loop, or to a
pair of edges (so paths of combinatorial length one or two).
By an acceptable polygonal 2-complex, we mean one which satisfies the following

additional conditions:
1. the 1-skeleton X has fundamental group of rank at least two;

2. the 2-cells have attaching maps that are not proper powers in 7;(X®) (so in

particular, are non-trivial), and that are pairwise distinct.

It is easy to see that the Main Theorem fails for non-acceptable 2-complexes, so our

hypotheses are actually necessary.

It is well-known that the C”(1/6)-small cancellation property has strong geoemet-
ric consequences [23]. As a result, the A = 1/6 case of our main theorem immediately

implies the following:

Corollary 1.1.1. Let X be an acceptable finite 2-complez, and let X (o) be a n-fold
random branched cover of X. Then we have asymptotically almost surely the following

properties hold:
e m(X(0)) is Gromov hyperbolic and cubulable;
e X (o) is aspherical, hence an FEilenberg—MacLane space K (m1(X (0)),1);
e The cohomological dimension of (X (o)) is at most 2.

1.2 Preliminaries

1.2.1 Branched Coverings

Let us recall the notion of branched covering of smooth manifolds (see e.g. [16]).

3



Definition 1.2.1. (n-fold branched covering of manifolds) Given a pair of
smooth k-manifolds X* Y* an n-fold branched (or ramified) covering is a smooth,
proper map f : X¥ — Y* exhibiting some particularly simple local form. The critical
set B*¥2 C Y is called the branch locus, and we require that it is a smoothly em-
bedded codimension two submanifold. Moreover, f|x\;-1p) : X \ f71(B) = Y \ B
is a covering map of degree n, and for each p € f~'(B) there are local coordinate
charts U,V — C x R*"2 about p, f(p) on which f is given by (z,z) — (2™, ) for

some positive integer m called the branching index of f at p.

Notice that, when restricted to the branching locus B, the map f|s-1(p) is just
an ordinary covering map. The pre-image of B is not assumed to be connected,
and indeed, could have multiple connected components. Transverse to the branching
locus B, f behaves like the map z — 2™ near the origin — though again, at different

pre-image points the value of m might be different.

This definition can be readily extended to the setting of CW-complexes. As we

will only need the 2-dimensional case, we will focus on that case.

Definition 1.2.2. (n-fold branched covering of 2-complexes) Given a pair of
finite 2-dimensional CW-complexes X, Y, an n-fold branched (or ramified) covering
is a continuous map f : X — Y satisfying the following property. There is a finite
subset of points B C Y, called the branching locus, which satisfies BNY® = (so
B lies in the interior of the 2-cells). Moreover, f|x\s~1(g) : X \ f71(B) =Y\ Bis a
covering map of degree n, and for each p € f~1(B) there are local coordinate charts
U,V — C about p, f(p) on which f is given by z — 2™ for some positive integer m,

called the branching index of f at p.



Note that, in the case where a 2-cell in Y contains more than one branch point,
connected components of its preimage might no longer be homeomorphic to a disk.
However, if there is a single branch point inside a 2-cell, then each component in its

preimage will be homeomorphic to a disk.
1.2.2 Small Cancellation Conditions

Small cancellation has been a useful tool in combinatorial group theory since the
1970s, see e.g. the references [30], [22], [23], and [25]. There are various notions
of small cancellation. Here, we start by recalling the metric small cancellation (or
classical small cancellation) with respect to a group presentation. Roughly speaking,
this condition says that any common subword between two relators in a presentation
is short compared to the length of the relators.

Let X be a symmetric generating set for a group I', i.e. X contains all elements
of a generating set S and their inverses. We call an element of S a letter. A word w
is finite string of letters w = sy ...s,,. We consider w as an element of the free group
F with the generating set S. Then each element of F' other than the identity 1 has
a unique representation as a reduced word w = $; ...S, in which no two successive
letters s;s; form an inverse pair s;s; 1. The integer n is the length of w, which we
denote by |w|. A reduced word is called cyclically reduced if s,, is not the inverse of
s1. If there is no cancellation in the product z = u; ... u,, we write z = uy ... u,.

A subset R of F is called symmetrized if all elements of R are cyclically reduced
and for each r in R, all cyclically reduced cyclic permutations of both r and r—! also

belong to R. Suppose that ry = be; and r9 = bey are distinct elements of R. If b is



the maximal such subword then it is called a piece relative to the set R or simply a

piece.

Definition 1.2.3. We say that R satisfies the small cancellation condition C’(\) if
for r € R with r = bc where b is a piece, then |b] < Alr|. In this case, we also say
that the presentation satisfies C’(\). Also, for a group T, if there is a presentation

that satisfies C'(\), we say that I' is C’(\) group.
The following is well known:

Proposition 1.2.4. [22] If a finitely presented group I' satisfies C'(3), then I is word

hyperbolic.

Geometric consequences of the small cancellation hypothesis are further studied in
[30], typically via the group’s presentation 2-complex, as well as van Kampen diagrams
and their mapping to 2-complexes. This allows the small cancellation condition to
be reformulated geometrically, and the results to be generalized to the setting of
polygonal 2-complexes.

Recall that the attaching maps for the 2-cells in a polygonal 2-complexes are given
by a (cyclic) sequence of directed edges from the 1-skeleton. For each 2-cell D in a
polygonal 2-complex, the boundary 0D is a cycle graph, and one can label the edges
of D according to the directed edges they map to in the 1-skeleton.

We will consider combinatorial subpaths b in D which are injective on their
interior (so at most, agree at the two endpoints). A subpiece is a subpath in the
boundary of a pair of disks 9D, 0D’, whose labels, including orientation, are identical.
Note that D’ can possibly be the same disk D, but with distinct initial vertices for
the two subpaths of the boundary. In that case a subpiece would be contained in the

6



self-intersection of the attaching map on dD. A piece is a subpiece in the boundary

of a pair of disks 0D, 9D’ which is maximal under containment.

Remark 1.2.5. Maximality gives us some insight on the local behavior of the labels
on D, D' near the endpoints. If the endpoints of the piece are distinct vertices in 9D,
0D’ then maximality tells us that at the initial (and terminal) vertex of the path b,
the previous (resp. following) edges of D and 0D’ have to be distinct.

The other possibility is that the endpoints of the piece b coincide in D (for ex-
ample). Note that this means the label on D’ contains an entire copy of the label on

D.

We say that D satisfies C’(\) if for any piece b of D, we have

where ¢ is the combinatorial path length. We say that a 2-complex satisfies C'()\) if
each of its 2-cells satisfy C’(A). This provides us with a geometric notion of small can-
cellation, and results on groups satisfying small cancellation (established via analysis
of the presentation 2-complex) readily generalize to 2-complexes satisfying geometric

small cancellation.

In our later constructions, we will consider certain finite covers of the 1-skeleton
of X, with certain lifts of attaching maps. Given a 2-cell D with attaching map
a: 0D — XU we have an associated map & : R — X obtained by composing
the universal covering map 7 : D — 0D with the attaching map. We can identify
oD with R equipped with its standard simplicial structure. The map & is then
described by the bi-infinite, periodic word obtained by lifting the edge labels from
9D to 9D = R. Since we will be interested in studying small cancellation properties

7



associated to some of these covers, we now formulate a notion that is slightly more
general than a piece.

A sub-overlap between two disks D, D’ is a pair of finite combinatorial subpaths
p C oD and p C oD’ on which the lifted attaching maps & : 0D — X and
B :9D' — XM coincide. Note that the paths p and p’ are not required to respect
the orientation on the real line. Sub-overlaps are considered equivalent if they differ
by translation by the 7 (0D) and m;(0D’) actions and reversing the orientation on
both p and p’. We also allow the case where D = D', in which case we also require
either the orientation on p C oD and p' C oD’ to be different; or the starting points
of the overlaps to be in distinct orbits of the w1 (9D)-action (i.e. correspond to distinct

initial points in D).

Definition 1.2.6. An overlap is a sub-overlap which is maximal under containment

The overlap ratio of D with D’ is defined to be

D, D) =
o( ) SUP 7o)

where the supremum is over all overlaps (p, p’) between D and D’. The overlap ratio
of a 2-cell D is then defined to be o(D) := supp o(D, D’), and the overlap ratio of

the polygonal 2-complex X is defined by o(X) = supp o(D) = supp p o(D, D').

Observe that a piece whose length is strictly smaller than the length of both
0D and 0D’ is automatically an overlap. In particular, for ¢ < 1 the C’(¢) small
cancellation condition is implied by the statement that o(X) < €. On the other hand,
when the overlap ratio of a pair satisfies o(D, D’) > 1, this just means that the label

for 0D is entirely contained in the label for 9D'.



Lemma 1.2.7. Let X be an acceptable polygonal 2-complex, (p,p’) an overlap between
disks D, D', and set M = max{{(0D),¢(0D")}. Then the length of the overlap is
bounded above by (p) < M?+ M. In particular, for any pair D, D’ of 2-cells, the
overlap ratio o(D,D’) is finite. It follows that for any finite acceptable polygonal

2-complez, the overlap ratio o(X) is finite.

Proof. Let us consider the case where D # D', and assume that the overlap (p, p’)

has length

U(p) > M2+ M.

Since the lifted attaching maps @, 5 coincide on p, p’, these paths have identical edge
labelings. Moreover, these labeled paths can be viewed as subpaths of the labeled bi-
infinite paths 5[), OD’. These bi-infinite labeled paths are periodic with respect to the
m(0D)-action and m (0D’)-action, which are translations by ¢(D), ¢(D’) respectively.
Since the common subpath contains fundamental domain for both translations, one
can apply the Euclidean algorithm to find a subpath of length r = GCD(¢(D), ¢(D’))
that tiles both fundamental domains. To see this, consider the initial subpath q C p
of length r. Since r = GCD(¢(D),¢(D')), the Euclidean algorithm provides us with

an integral solution to Bézout’s identity
r = Al(D)+ B{(D')

and the solution satisfies |A| < ¢(D’),|B| < ¢(D). Note that exactly one of the
integers A, B is positive, the other is negative. Assume without loss of generality
that A is positive. Viewing q C p’ as the initial segment of p’, and using m(D’)-
periodicity of oD , we can translate A times along dD'. Since the length of p’ is
> M? + M, the translate of ¢ is still contained within p’. We now switch to viewing

9



that translate as contained in p, and use 7 (D)-periodicity of dD to translate B
times along OD. This has the effect of translating q by exactly r, and hence the
initial portion of p of length 2r consists of two copies of q. We can iterate this
process M /r-times, noting that the hypothesis that ¢(p) > M? + M guarantees that
the forward and backward translates from Bézout’s identity land within the common
subword p,p’. If » < M, this tells us that the larger of the two words is a proper
power, contradicting the definition of acceptable 2-complex. On the other hand, if
r = M we get that ¢(D) = ¢(D’), and the two disks D, D" are attached along the
same map, which again contradicts the definition of acceptable 2-complex.

Next we consider the case where D = D', i.e. self-overlaps. Then one has that
the bi-infinite label on 9D is periodic with respect a translation by ¢(D). Since the
subwords p, p’ differ by a translation by some 0 < k < ¢(D), the subword p is also k-
periodic. Then as before we can apply the Euclidean algorithm to obtain a solution to
Bézout’s identity, and use combinations of ¢(D)-translations and k-translations to see
that the p is actually periodic with period r = GCD(k,¢(D)) < ¢(D). This implies
the attaching map for D is a proper power, which again contradicts X acceptable.

Finally, since X has only finitely many pairs of 2-cells, the supremum of the

overlap ratios will still be finite. O

Corollary 1.2.8. Any acceptable polygonal 2-complex X only contains finitely many

equivalence classes of overlaps (p,p’).

Proof. For a given pair of 2-cells D, D', we can count the overlap pairs (p,p’). Up
to the action of m1(0D), the initial point of the path p can be chosen in a fixed
fundamental domain F C 9D, where F is a combinatorial interval of length ((0D).
Thus there are at most £(0D) possible initial vertices for p. From the Lemma, there

10



is also a uniform bound of max{¢(dD),¢(0D’)} on the length of p. Thus there are
at most finitely many possibilities for the path p. A symmetric argument shows that
there are at most finitely many choices for p’, hence finitely many possibilities for the
pairs (p,p’). Since the acceptable 2-complex X has a finite number of 2-cells, the

corollary follows. m

1.3 Random Branched Coverings

In this section, we describe our random model for branched coverings of finite 2-
complexes, with the motivating example being the case of the presentation 2-complex
of a finitely presented group. We then establish a few basic properties concerning the

behavior of 2-cells in our random model.
1.3.1 Branched Coverings of presentation 2-complexes

Let us first focus on the setting of a presentation 2-complex. Let I' = (uq, ..., u; |
r1,...,Ts) be a finite presentation of a group I', and let X be the presentation 2-
complex for the fixed group presentation above. The complex consists of a single
vertex v along with oriented loops x1,...,x; corresponding to each generator, and
2-disks Dy, ..., D, that are attached by the attaching maps rq,...,r, corresponding
to the relators. For such complexes, being an acceptable 2-complex just means that
the finitely presented group has at least two generators, that no relation is a proper

power.

Remark 1.3.1. Conversely, any finite polygonal 2-complex that has a single vertex can
be viewed as a presentation 2-complex for its fundamental group. These spaces have

the advantage of having a canonical basepoint for the fundamental group. To deal
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with the general case of a finite connected polygonal 2-complex X, we can contract
a spanning tree T for the 1-skeleton to obtain a 1-vertex 2-complex X', and use the

branched cover model for covers of X’. The details can be found in Section...

Next let us describe an n-fold branched covering of X, with branching locus B
consisting of the set of centers of the 2-disks Dy, ..., D,. Consider a not necessarily
connected n-fold covering of the 1-skeleton X ™). Since the presentation 2-complex X
has a single vertex, an n-fold covering of X! has n vertices, which we will label v;
to v,. Under the covering map, the pre-image of each directed loop x; will consist of
n directed edges which we denote x;1, ..., x;,. Our labeling convention is to label the
lifted edge x;; to originate at the lifted vertex v;. Then each vertex v; has some lifted
edge x;, coming in, and the lifted edge x;; going out. Note the situation where j =k

corresponds to the case where the lifted edge starting at v; is a loop at the vertex.

n-fold

lcovering

Figure 1.1: Branched cover of a presentation 2-complex

Given such a covering of X, we then attach a disk to each of the lifts of the

attaching map ry,...,7rs. Note that each disk D; in X has its boundary labeled

12



r;, and for each vertex in the cover we have a path starting at that vertex and
following the letters of r;. If this path in the cover ends at a vertex different from
the starting vertex, we follow the letters of r; again, repeating the process until the
word ends at the starting vertex. In this process, we get a closed path and we attach
a disk boundary along this path. We call the disks D;;, for suitable indexing set
for 7, and refer to D;; as a lift of the disk D;. Note that some lifts have the same
attaching map up to cyclic permutation. We consider these as the same disk and do
not include repetitions. The number of lifts that are considered as a single disk is
denoted by ind(D;;) and called the index of the disk D;;. Attaching all lifts of disks
Dy,...,D, C X, we obtain a branched covering of X where the branching locus is
the set of the centers ¢; C D; of all of the disks in the original 2-complex. See the

figure above for an illustration of this process.

Remark 1.3.2. The branching index of each center ¢;; C D;; is the same as the index
of the disk D;;. The combinatorial lengths of the attaching maps are related via the

simple formula

where ¢ is the combinatorial length.

1.3.2 Random model for branched coverings

We now proceed to define our random model for branched coverings of a presen-
tation 2-complex, which allows us to randomly pick a degree n branched cover of the
2-complex X. We call this the random labeled branched cover model. Note that, as
detailed in the previous section, each degree n branched cover of the 2-complex X

determines, and is determined by, an ordinary degree n cover of the 1-skeleton X (.

13



Since in our special case X (1) is a bouquet of ¢ circles, it is easy to describe the degree
n covers of this graph.

Labeling the n pre-images of the single vertex v by labels V' = {vy, ..., v,}, cover-
ing space theory tells us that associated to each loop z; in X, we have a permutation o;
of the vertex set V. The collection of permutations is determined by the finite cover,
and conversely, determines the cover up to label preserving isomorphism. Thus there
is a bijection between the set of degree n branched covers, and elements in the product
of t copies of the symmetric group Sym(n).

A random n-fold covering of X can now be generated by choosing ¢ random
permutations ¢ = (o4, ...,0;) with uniform distribution, where each o; € Sym(n)
corresponds to each generator u;,7 = 1,...,t. For a generator u; and its corresponding
loop z; in XM, a permutation o; represents the preimage of z; in the n-fold covering
space. More precisely, if the permutation o; maps the integer a to the integer b, then
there exists an oriented pre-image of the edge z; that joins the vertex v, to the vertex
vp. For a finite presentation of a group I', the random choice of ¢ = (o7, ..., 0;) where
o; € Sym(n) completely determines a n-fold covering of X (V)| and thus determines the
n-fold branched covering after lifting the attaching maps. We denote the branched
covering by X (o).

Example 1.3.3. Let T' = (a,b | a~'b?ab™!) and X be its presentation 2-complex.
Let n = 3 and 0, = (123),0;, = (12)(3) € Sym(3). From the choice of 0 = (0,,0y),
we have a 3-fold covering of XM, A disk D C X is attached to X along the
relation a~'b%ab™!, so our label on 9(D) is a 'b?ab~!. The attaching map of D has

two connected lifts D7 and D, which are attached via the maps

aDl == aglbgagbglaflblbgalbfl,

14
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Figure 1.2: A branched covering of degree 3 (Example 1.3.3)

8D2 = a;lbgblagbgl.

Then the obtained 2-complex X (o) would be a 3-fold branched covering of X with
branching locus {c;} U {ca} where ¢; (resp. c¢2) is the center of the disk Dy (resp.
Ds). The branching index at ¢; is 2 and at ¢y is 1. An illustration of the cover X (o)
is given in Figure 1.2.

Consider the fundamental group m; (X (0)) in this case. Choose ay, ay as a spanning
tree of the 1-skeleton. Then the generators of w1 (X (0)) will be as, by, bs and bs. We
have two relators az 'b2asb; 'b1byb~t and bobiby ', obtained by collapsing the spanning
tree a; U a. We can remove the generator b3 and the relator bgblbgl by a Tietze
transformation as by = byb;. Therefore, the fundamental group of the branched cover

X (o) is the one relator group with presentation

1 (X(O')) = <a3, bl, bg ’ Gglbgbleblagbglblbgbfl>. (131)

Example 1.3.4. Let I' = (a,b | aba™'b~!) and X be its presentation 2-complex.
Let n = 3 and as before, let 0, = (123),0, = (12) € Sym(3). From the choice of
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Figure 1.3: A branched covering of degree 3 (Example 1.3.4)

o = (04,03), we have a 3-fold covering of XM, A disk D C X is attached to X
along the relation aba™'b~! so we the label on 9(D) is aba~'b~!. In this case the

attaching map of D has a unique connected lift D’, with label
8D’ == a1b2a§1b§1agblaf1bz_lagbga;lbfl.

See Figure 1.3. Thus the branched cover 2-complex X (o) will be a 3-fold branched
covering of X with a unique branch point {¢’} where ¢ is the center of the disk D'.
The branching index at ¢’ is 3.

Note that the original group I' = (a, b | aba='b™") is a surface group of genus 1, and
X is homeomorphic to a torus. Recall that a branched cover of an oriented surface
is again an oriented surface, and we can determine which surface by considering the
Euler characteristic of the branched covering. Looking again at Figure 1.3, we see
that X (o) has a CW-structure with three vertices, six edges, and a single 2-cell, thus
giving us x(X (o)) = —2. Since x(X(0)) = 2 — 2g where g is the genus, we conclude
that X (o) will be a surface of genus 2.
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This can also be seen directly from the fundamental group m(X(0)). Choose
az, by as a spanning tree of the 1-skeleton, then the generators of (X (0)) will be
a1, as, by and bs. After collapsing the spanning tree az U by, the attaching map gives

rise to the single relation a;bybs 'a; b, tasbsa;'. This gives us the presentation
™1 (X(O')) = <a1, asg, bg, b3 | albgbgla;1b51a2b3a2_1> (132)

Let ay = ay, B1 = by, ap = ay 'byay, and By = bs. By applying Tietze transformations,

we obtain the presentation

7T1(X(O')) = <a1, a9, bg, b3 | albgbglaflbglwbga;l) (133)

= (a1, Br, g, P2 | a1, Bi][az, Ba]) (1.3.4)

which is the standard presentation of the surface group of genus 2.

We now have, for each natural number n, a model that randomly produces a
degree n branched cover X (o) of the finite 2-complex X. We will be interested in

understanding topological and geometric properties of X (), as n gets large.

Definition 1.3.5. Given an event £ = E, depending on a parameter n, E holds
asymptotically almost surely if it holds with probability 1 —o(1). Thus the probability

of success goes to 1 in the limit as n — oo.

1.3.3 Connectedness of branched covers

Our random model associates to t-tuples of elements in the symmetric group, cho-
sen independently with uniform distribution, a corresponding branched cover. Our
goal is now to translate interesting properties of the branched cover X (o) into prop-
erties of the t-tuple in the symmetric group. We can then hope to leverage our
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understanding of random elements in symmetric groups to analyze whether or not
the property holds for random branched covers in our model. As an easy example,

let us consider the connectedness of the branched cover.

Lemma 1.3.6. The branched cover X (o) is connected if and only if the subgroup

generated by the permutations o1, ...,0, acts transitively on the vertex set.

Proof. Connectedness of X (o) is completely determined by connectedness of its 1-
skeleton. Given an edge path joining a pair of vertices, one can read off the corre-
sponding product of permutations (and their inverses) taking the initial vertex to the
terminal vertex. So if X (o) is connected, then (oy,...,04) acts transitively on the
vertex set. Conversely, if the subgroup acts transitively on the vertex set, then given
any two vertices in X (o) we can find a product of permutations (and their inverses)
taking one of these vertices to the other. This then gives us a sequence of edges

connecting the two vertices, showing the 1-skeleton of X (o) is connected. O

So understanding connectedness of our random branched covers is completely
equivalent to understanding when a randomly selected t-tuple of elements in Sym(n)
generate a transitive subgroup. This is a classically studied problem, and we have

the following result of Dixon [10]:

Proposition 1.3.7. The proportion of ordered pairs (o,,0), where o, 0, € Sym(n)

generate a transitive subgroup of Sym(n) is 1 —+ + O(=5) as n — co.
Translating this result back to our model gives us:

Corollary 1.3.8. Let I' = (uy,...,us | r1,...,7rs), with corresponding presentation

2-complex X. Ift > 2, then X (o) is asymptotically almost surely connected.
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Proof. The t = 2 case follows immediately from Proposition 1.3.7. For ¢t > 3, it
follows easily from the two generator case, because adding an additional generator
just adds more edges to an already connected graph. Equivalently, if the first two
elements oy, 09 already generate a transitive group, then adding additional generators

03, ...,0; does not change transitivity of the action. O]

Remark 1.3.9. For the connectedness in Corollary 1.3.8, we had to assume that there
is more than one generator. For the single generator case, random coverings are not
asymptotically almost surely connected. In particular, the cover will be connected if

and only if the chosen permutation is an n cycle. Thus, the probability of connect-

(n—1)!
n!

edness is , which goes to 0 when n — oo.

This is the reason for our requirement that the rank of the 1-skeleton is > 2
in our Main Theorem (see definition of acceptable 2-complex). Nevertheless, it is
obvious that for a single generator case, any random branched covering has a Gromov
hyperbolic fundamental group. Indeed, the presentation 2-complex has 1-skeleton
consisting of a single loop. Thus any covering of the 1-skeleton is just a disjoint union
of cycles. It follows that each connected component will have fundamental group that
is generated by a single element, hence cyclic. It will be isomorphic to Z if there are
no relations, and isomorphic to a (potentially larger) finite cyclic group if there is at

least one relation. In either case, the fundamental group is an (elementary) Gromov

hyperbolic group.
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1.3.4 Disks in random branched covering spaces

Let X be the presentation 2-complex for the presentation
D= (uy,. . up | m,..0.,75)

where t > 2 and let f : X(0) — X be the n-fold branched covering obtained from the
t-tuple of permutations o = (o4, ...,0:), where 0; € Sym(n),i = 1...t. Recall that
each disk D; C X corresponding to the relation r; has finitely many lifts D;; C X (o)
in the branched cover. For each lift D,;; C X (o), the index of D;;, given by ind(D;;),
is the branching index of f at the center of D;;. Clearly, the sum »_,_, ind(Dj;) =n
foreachi=1,...,s.

We are interested in studying the small cancellation properties for a random
branched cover. We can view a piece b in X (respectively X (o)) as a combinato-
rial path in the I-skeleton X1 (resp. X (o)®)). It is tempting to use the covering
map p: X (o) — X to compare pieces in X (o) with pieces in X. Unfortunately,
the image of piece in X (o) might not be a piece in X, as it might map to a path
that has length greater than the boundary of the disks. Similarly, the connected lift
of a piece in X might not be a piece in X (o), as it might be properly contained in an
overlap in X. For this reason, it is more convenient to work with overlaps. As over-
laps are defined in terms of the universal cover of the attaching loops, these behave
better with respect to the branched covering map p restricted to the one skeleton.

Indeed, we have the following:

Lemma 1.3.10. Let X be an acceptable polygonal 2-complex, X (o) a branched cover

of X, and p: X(0) — X the branched covering map. Then:
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e if (p,p’) is an overlap for the pair of 2-cells D, D' in X, then every lift of (p, p’)

is an overlap in X(o);

e if (p,p’) is an overlap in X (o) for the pair of disks D, D', then the pair defines

an overlap for the image pair of disks D = p(ﬁ), D' = p(f)’) in X.

Proof. Recall that the overlap (p,p’) is actually a pair of (equivalence classes of)
subpaths p C oD and p C oD’ , with the property that the lifted attaching maps
a:0D — X, B . 0D" — XM coincide on the subpaths p, p’. Given any pre-image
v; of the unique vertex v € X covering space theory tells us we can lift the maps
&, 3 to maps a : 9D — X(o)M, 3 oD — X (o)™ based at the vertex v;. Since the
original maps a, B coincide on the subpaths p, p’, the lifted maps will have the same
property. Moreover, since the original maps «, 3 differ on the two edges immediately
preceding (respectively following) the subpaths p, p’, the same property holds for the
lifted maps. Finally, we note that the lifted maps &, 5 are periodic, as they will cover
one of the connected lifts &, B of the attaching maps «, 5 (the lifts based at the vertex
v;). These lifted attaching maps & : D — X (o)D), G D' — X (0)M are defined
on finite covers 9D — 9D and 9D’ — D'. These define a pair of 2-cells ﬁ, D' in
X (o). We conclude that the pair (p,p’) is an overlap for the 2-cells D,D.
Conversely, if we have an overlap (p,p’) in X (o) for a pair of 2-cells D, D', we
can project the overlap via the covering map p. More precisely, from the construction
of X (o), the attaching maps & : D — X (o)D), §: 9D’ — X (o) are lifts of the
attaching maps o : 9D — XU 3 : 9D — XU for the pair of 2-cells D, D’ in
X. This means there are finite covering maps 7 : dD — 9D, 7 : oD’ — dD', and

commutative diagrams com =poda, fon’ = po f.
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The covering map 7 allow us to identify the universal covers of 0D and 0D, via

the lift of the covering map 7 : ((;\li) —~ 9D (and similarly for 7/, D', and D ). With
this identification, the map & : 515 — X (o) descends to a map & := poao# ! :
0D — XW. Similarly, we have a map 3 := po o (7)1 oD — XU, Since
the maps @, 3 agree on the subpaths p,p’ but differ on the immediately preceding
(and immediately following) edges, the same property is true for the composite maps
poa,po 5. Using the identification 7,7 of universal covers, we can view p,p’ as

subpaths in 513, 0D'. This shows that (p, p’) defines an overlap for the 2-cells D, D',

completing the proof of the Lemma.

An immediate consequence of the lemma is the following

Corollary 1.3.11. Let X be an acceptable polygonal 2-complez, and X (o) a branched
cover of X. If the 2-cell D in X (o) is an index k branched cover of the 2-cell D in X,

then the overlap ratios are related by o(D) = o(D)/k. In particular, o(X(0)) < o(X).

Proof. From the lemma, we see that the lengths of overlaps for D coincide with the

lengths of overlaps for D. Since £(0D) = k - £(0D), the result follows. O

As we remarked earlier, the small cancellation condition C’(\) (where 0 < A < 1)

for a 2-cell D is implied by o(D) < A. So we immediately obtain:

Corollary 1.3.12. If a 2-cell in X satisfies the o(D) < A\, then all of its lifts in X (o)

satisfy C' ().

We denote by Ry (respectively Rg) the length of the longest (resp. shortest)
relation in the presentation I'. Let us introduce some constants associated to the
presentation 2-complex X.

22



In view of Lemma 1.2.7, there is a uniform bound on the length of overlaps in X.
We introduce the parameter O := R? + Ry, which serves as a global upper bound
on the length of overlaps in X. In view of Lemma 1.3.10, O also serves as an upper
bound on the length of overlaps in any of the branched covers X (o). Since all the
relators in I' have length > Rg, we also obtain the upper bound on the overlap ratio

o(X) < R%. We are looking for branched covers with overlap ratio less than A. To

0

s From Corollary 1.3.11, we know

this end, let us introduce the critical index [ :=
that any disk D in a branched cover X (o) whose index is > [ automatically has

o(D) < A, thus satisfies C'(\).

Definition 1.3.13. Given an acceptable polygonal 2-complex X, and A € (0,1), a
disk D in a branched cover X (o) is called a A-good disk if its index is greater than
or equal to I. A disk that is not a good-disk is called a A\-worrisome disk. We will
typically be working with a fixed value of A, and refer to A-good disks as good disk

and A-worrisome disk as a worrisome disk.

All the A-good disks satisfy C’(\) small cancellation in X (o). However, this is not
true for \-worrisome disks, which may or may not satisfy the C’(\) small cancellation

condition.

For the relators rq,...,rs and a random choice of permutations o = (o7, ..., 0y),
o; € Sym(n), we define another type of permutation r;(c) € Sym(n) that represents
the structure of lifts of the disk D;. In X (o), we first attach a disk for a lift of D; of
the relation r; starting from the vertex v;. Let vy = vy1) and let v;;(1) be the vertex

that is arrived at after following the letters of r; a total of j times. Let £ > 1 be
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the smallest such that v;s;y = v1. Then (vi() - - - vir(1)) forms a cycle of length £ with
entries corresponding to the indices of the vertices appearing in the procedure. We
repeat the same process at a vertex that is not already obtained in a previous cycle
until there are no vertices remaining. Finally we get a permutation of n elements and
denote it 7;(c). The cycle lengths of ;(c) have a one-to-one correspondence with the
indices of lifts of D;. The permutation r;(o) is the result of applying the word map
i : Sym(n) X - -+ x Sym(n) — Sym(n) (see [26]) to the t-tuple o of permutations. We

will use the following result from [26, Corollary 1.5]:

Proposition 1.3.14. Let k > 2 be a fized integer. If the permutation r; is not a proper
power, then the expected number of cycles of length k in r;(o) is %—1—0(71*”(”)), where

7(r;) > 2 is the primitive rank defined in [26].

Let L, (k) be the total number of cycles of length at most & in all of the permuta-
tions (o), ...,rs(c) € Sym(n). Note that, by hypothesis, none of the r; are proper

powers, so applying Proposition 1.3.14, we have

E(Ln(k)) = S(1+1+...+

2 )+ O(n ) g0,

| =

As a result, when n — oo the expected value E(Ly,(k)) — s(1+4+4---+1). Knowing
the asymptotics of the expected value allows us to deduce information about the tails

of the probability distributions.

Lemma 1.3.15. For any € > 0, there exists N,m € N such that if n > N, then

P@A@gnﬁ>1—§

Proof. Suppose not. Then there exists ¢ > 0 with the property that for each m, we
can find a sequence n; — 0o such that P(Lnj (k) > m+ 1) > 5. We can now estimate
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the expectation of L, (k) from below:

(L, () = S P (Lo, () = )

> 3 (et 1) B(L, () = )

=(m+1)-P(Ly,(k) >m+1) > (m+1)-

DN

For a fixed choice of m, this estimate holds for all the n; in the sequence. Applying

this to the specific case where m = % . (1 + % +- %), we obtain an infinite sequence

of integers n; — oo where

E(Lnj(k))>(m+1)~§
1 1 €
>s(l+5++7)+3

On the other hand, we saw earler that the expected value E(L, (k)) converges to

s(1+ % +---+ %) as n — 00, giving us a contradiction. ]

Note that in the proof above, we are not assuming the existence of limiting dis-
tribution of L, (k), but using the expected value of L, (k) for finite n € N and its
limit as n — oo. We can interpret Proposition 1.3.14 and Lemma 1.3.15 in terms of

random branched coverings.

Corollary 1.3.16. Let X be an acceptable 2-complex. Then given any integer k, and
e > 0, we can find an integer M = Mk, €) with the following property: for any n
sufficiently large, with probability > 1 — 5 a random degree n branched cover X (o)

contains < M disks of index < k.

Next we turn our attention to topological properties of disks
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Lemma 1.3.17. Let X be an acceptable 2-complex, and m a given integer. Then
asymptotically almost surely the random branched covers of X have all disks of index

m that are injectively embedded.

Proof. We will count all possible random branched coverings and see how many of
them contain non-injective lifts of index m. Since the number of generators is ¢ and
|Sym(n)| = n!, the number of choices for permutations o = (oy,...,0;) is (n!)’. In
other words, there are (n!)’ random branched coverings of X.

Let r be a relator. By the Proposition 1.3.14, the expected number of lifts of r
of index m in a random branched covering is % + O(n~"™). Since there are (n!)!
random branched coverings, the total number of lifts of r of index m in all possible
random branched coverings is (n!)’ (£ 4+ O(n="")).

Now, in all possible branched coverings, we count the total number of injective

lifts of the relator r of index m. Let r = w; ... w), where each
~1 ~1
w; € {u, .. u,uy .Uy )

the symmetric generating set. For such a lift D C X (o) of r, since it has index m,
the length of 9D is m|r|. We label the m|r| edges of 0D as in Example 1.3.3. Recall
that in a branched covering, there are tn total edges denoted u;; where ¢ = 1,...,¢
and j = 1,...,n. To be injective, 9D has to contain m|r| distinct vertices. Assume
that n is sufficiently large so that n > m|r|. Choosing the m|r| distinct vertices in
order amounts to n(n —1)...(n —m|r| + 1) possibilities. Once we choose the labels
on the vertices of 0D, the labels on the oriented edges along 9D will be determined
by r = wy ... wy. Thus there are n(n—1)...(n—m|r|+1) different ways of labeling

the boundary of an injective lift D. Again, we remark that these lifts may occur
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in different branched covers. Note that since cyclic permutations of the labeling on
disk’s boundary represent the same lift, there are =n(n—1)...(n—m|r|+1) different
ways of labeling the boundary up to cyclic relabeling.

Now we count all possible branched coverings X (o) that contain the choice of
0D with a given injective labeling. Let ¢; be the number of occurrences of a lift of
the generator u; along dD. Obviously, 33! ¢; = £(dD) = m|r|. For the remaining
n — [; lifts of u; that are not contained in the labeled 0D, there are n — ¢; possible
initial vertices for the lifts, and n — ¢; possible ending vertices for the lifts. Hence the
number of ways to place the remaining lifts of u; boils down to choosing a pairing
between the possible initial vertices and terminal vertices. There are (n — ¢;)! such
pairings. Ranging over all the edges, we obtain (n —¢;)!...(n —¢;)! labeled branched
coverings that contain the lift D with the prescribed (injective) labeling on 90D.

Thus in all possible branched coverings, the total number of injective lifts of r of

index m will be

n(n—=1)...(n—=mlr|+1)] - [(n—)!...(n— £)!]

m

and therefore the total number of non-injective lifts of r in all possible branched

coverings is

(n!)t B [n(n —1...(n—=mlr| + 1)} . [(n — ) (n— Et)!} N

(n))'O(n~"").

m m
The total number of branched coverings that contain a non-injective lifts will be
bounded above by the total number of non-injective lifts in all branched coverings.
Let us denote by P, (r) by the probability that a branched covering contains a non-
injective lift of r of index m. Then using the above estimate we obtain the upper

27



bound

MY —nn—1)...(n—m|r|+1)(n — L) ...(n— £;)!
m(n!)t

Pa(r) < +0(n ™M),

With this upper bound in hand, we can easily compute the limit of P,(r) as n — oo:
Nt — _ _ . | _ |
lim P,(r) < lim (M) —n(n—1)...(n—mlr| + D)(n— &) ... (n—£,)!

11 nn—1)...(n—mlr|+1)

" (o) (o)

Note that in the last term, the numerator and the denominator are both m|r|-degree

monic polynomials in n. As n — oo, the ratio tends to one, and as a result
lim,, oo Pn(r) = 0. This tells us that in a random branched covering covering, all
lifts of the single relation r of index m are embedded asymptotic almost surely.

The probability that a branched covering contains a non-injective index m lift of
one of the finitely many relators rq, ..., 7 is less than ) >, P(r;). Since the sum goes
to zero as n — 0o, we conclude that every lift of an r; index m are embedded in a

random branched covering asymptotic almost surely. O
A similar argument can be used to control intersections of disks.

Lemma 1.3.18. Let X be an acceptable 2-complex, and M a given integer. Then
asymptotically almost surely in the random branched covers of X all disks of index at

most M are pairwise disjoint.

Proof. Consider a pair r, 7’ of relations. We will start by considering disks D, D’ that

are lifts of the relations r, r’ of index < M.
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If r and ' don’t have a common piece, any lifts D and D’ have no common edges
on their boundaries. So it is sufficient to consider the case that r and r’ have a piece
in common, i.e. r = pw and " = pw’. We first consider the case that p is the only
maximal piece contained in both r and 7/. Then if D and D’ are lifts of r and »/
respectively, then by Remark 1.3.11, the subpath 9D N 9D’ has the same length [p|
and we call the subpath by p for convenience.

We want to compute the probability that two lifts of index at most M intersect in
some branched covering and show that it goes to 0 as n — co. Among (n!)’ number
of all possible branched coverings, we count the total number of pairs (D, D’) such
that 9D NOD’ # (). The idea is very similar to the proof of Lemma 1.3.17. Note that
by Lemma 1.3.17, any lift of index < M is injective asymptotically almost surely. Let
m (resp. m') be the index of D (resp.D’).

Since for a labeling of D (resp. D’), there are m (resp. m') cyclic permutations
that actually represent the same disk.

When we first label 0D with the edges in X (o), there are n(n—1)...(n—m|r|+1)
number of ways of injective labeling. But for a labeling on D, there are m different
cyclic permutations that actually represent the same disk. Thus we have %n(n —
1)...(n — m|r| + 1) ways of distinct injective labelings up to cyclic permutation.
Note that there are m possible ways to choose p C 0D that intersects with 0D’.
Once we choose a path p C 9D, we label 9D’ so that 0D N oD’ = p.

When we label 0D, the key idea is that there is no choice for the |p| + 1 number
of vertices that are contained in p. So we choose m/|r’| — |p| — 1 number of vertices in
order so that D’ contains m/|r| different vertices and intersect with 0D only on [p|.

There are (n —m|r|)(n —m|r| —1)...(n —mlr| —m/|r'| + |p| + 2) number of ways to
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label D' that are all cyclically distinct. Therefore we have
nn—1)...(n—mlr| —m'I7'| + [p| +2) (1.3.5)

number of injective labeling on D and D’ that intersect on the piece p. Here, the

numerator has m|r| +m/|r’| — |p| — 1 number of factors.

Now, let a; be number of u; generator on the label of 9D U dD’. Obviously, we

have

t
> ai=mlr|+m'l| - [pl. (1.3.6)

i=1

For a pair of labeled D and D', we count the number of possible branched coverings
that contain D, D’. By using the same labeling process as 1.3.17 on remaining edges
to construct a branched coverings, we have (n — aq)!(n — a3)!...(n — a;)! number of

branched coverings containing D and D’. Thus for given indices m and m/, we have
n(n—1)...(n—mlr| —m/|7'| + |p| + 2)(n —a1)! ... (n — a;)! (1.3.7)

number of branched coverings that contain D and D’ of the given indices.
The total number of pairs of intersecting lifts (D, D’) of index < M in all possible
branched coverings is

Z nn—1)...(n—mlr| —m'Ir'| + |p| + 2)(n —a1)! ... (n — a;)! (1.3.8)

m,m’'<M

Here, in the summation, the numerator has nt — 1 number of factors.

In the general case, for two relations r and r’ that have more than one maximal
piece on the intersection, then the number of pairs of intersecting lifts of r and »/
of index< M in all possible branched coverings would be less than or equal to the
number in the Equation (1.3.8).
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The number of branched coverings that contains index < M lifts of r and 7’ that
intersect is less than or equal to the number of pairs of intersecting lifts (D, D’) of
index < M in all possible branched coverings. We denote the probability that a
branched covering contains intersecting lifts of 7 and 7’ of index < M by P(r,r’) and

it is less than or equal to

Z nn—1)...(n—mlr| —m’\r’|+|p\+2)(n—a1)!...(n—at)!.

oy (1.3.9)

mm'<m

Since (1.3.9) goes to 0 as n — oo, we see that in a branched covering, all lifts of r
and 1’ of index < M are pairwise disjoint asymptotic almost surely.

Now, the probability that a random branched covering contains pair of intersecting

lifts of any two relators is less than or equal to ) gy Pr,7"). Since the

rr €{ry,..

summation goes to 0 as n — oo, we conclude that every lifts of index < M pairwise

disjoint asymptotically almost surely. O]

Corollary 1.3.19. All worrisome-disks are pairwise disjoint in X (o) asymptotically

almost surely.

1.4 Proof of the Main Theorem

Let I' = (uy,...,us | r1,...,75) be a finitely presented group and X the presenta-
tion 2-complex where t > 2. Let f : X(0) — X be a n-fold random branched covering
obtained from random permutations ¢ = (o4, ...,0;) where o; € Sym(n),i =1...t.

We are now ready to prove the Main Theorem in the special case of the presen-

tation 2-complex. For the convenience of the reader, we restate the special case.
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Main Theorem. Let X be the presentation 2-complex associated to the finite pre-
sentation T' = (uy,...,uy | r1,...,7rs). We assume that the relations are cyclically
reduced, and that none of the relations are proper powers. Let A € (0,1) be a given
constant, and let X (o) be an n-fold random branched cover of X. Then X(o) is
asymptotically almost surely homotopy equivalent to a 2-complex satisfying geometric

C’(X)-small cancellation.

Proof. Observe that the presentation 2-complex X is an acceptable 2-complex. The
parameters O and [ are defined as in Section 1.3.4. Observe that all the parameters
we have introduced so far only depend on the initial complex X, and the small
cancellation parameter A that we want to achieve.

Now given an € > 0, we want to show that for all sufficiently large n, a random
branched cover X (o) is homotopy equivalent to a 2-complex satisfying geometric
small cancellation with probability > 1 —e. We now introduce some parameters that
also depend on the given €. From Corollary 1.3.16, Lemma 1.3.17, and Lemma 1.3.18,
we can choose an N sufficiently large, so that for all n > N, with probability > 1 —e,

a random branched cover X (o) has the following properties:

1. the number of disks in X (o) of index < I is < M (where M is fixed parameter

provided by Corollary 1.3.16);
2. all disks of index < K are injective;
3. all disks of index < K are pairwise disjoint.
Where here the constant K in statements (2) and (3) is given by the value:

K = R5'(1+ X" "HO(M?I(R,O)?) + Rg'A™'O
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Thus the choice of K depends (via M) on the choice of €. To complete the proof,
it suffices to show that these branched covers are homotopy equivalent to a complex
satisfying C’())-small cancellation.

Observe that, if X (o) has no worrisome disks, then all disks in X (o) have overlap
ratio < A and X (o) itself satisfies C’(\)-small cancellation. But in general, most of
the X (o) will contain some disks of index < I. To analyze these branched covers, we

partition the disks in X (o) according to their index:
e small disks are those with index < I,
o medium disks are those with index > I but < K
e large disks have index > K.

By the definition of worrisome disks, the set of small disks are exactly the same as
the set of worrisome disks. Since these are the disks which might have overlap ratio
> \, we construct a new space Y (o) by collapsing each of the small disks in X (o) to

a point. There is a natural map quotient map ¢ : X (o) — Y (o).
Fact 1: The map ¢ is a homotopy equivalence.

To check that the quotient map is a homotopy equivalence, recall that quotienting
out a contractable subcomplex from a CW-complex yields a homotopy equivalence.
From property (2), small disks are embedded, hence have image in X (o) that are
homeomorphic to D?. From property (3), small disks are pairwise disjoint. Collapsing

them one by one yields a finite sequence of homotopy equivalences from X (o) to Y (o).

Next we need to establish that Y (o) satisfies C’(\)-small cancellation. It suffices

to check that all the overlap ratios of disks in Y (o) are < A. Since disks in Y (o) are
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images of disks in X (o), we will use the same terminology of “medium” and “large”
disks in Y (¢). There will not be any “small” disks in Y'(o) as those disks are collapsed

to points.
Fact 2: If D is a medium disk in Y (), then it has overlap ratio o(D) < A.

The disk D is the image of a medium disk D in X (o). Since the index of D is
greater than the critical index I, we have o(D) < A. From property (3), the disk D
is disjoint from all the small disks. So the quotient map ¢ leaves D and all edges

incident to the curve dD unchanged. It follows that o(D) = o(D) < A, as desired.

This leaves us with checking the overlap ratio of large disks in Y (o). In order to
do this, we need to give a lower bound on the length of the large disk, and an upper
bound on the length of the overlaps in the large disk. As before, we let D be a large
disk in Y (o), which is the image of a large disk D in X(c). The boundary 9D is
obtained from 0D by collapsing the subpaths that are images of overlaps with small
disks.

Note that, since K > O, the length of 0D exceeds the length of any of the
overlaps in X (o). So if (p,p’) is an overlap with p C (97), we can instead view
p as an embedded path in dD. We know from Corollary 1.2.8 that there are only
finitely many overlaps in X (o), so we can list out all the overlaps (p, p’) between D (so
p C 0D) and small disks. This gives us a finite list of overlaps {(p1, p}), - - - (Px, Pk)}
cyclically ordered according to the initial vertex of the paths p; C dD. Each pj lies
in OD; where D; is a small disk in X (¢). The boundary dD is obtained from dD by

collapsing each of the intervals p C 0D to points.
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Fact 3: For any large disk D, there are at most < M?I(R;O)? many overlaps (p, p’),

where p C 0D and p’ C 5\/Dz is in any of the short disks D;.

Applying Lemma 1.3.10, any such overlap covers an overlap (q,q’) in X. There
are < M short disks in X (o), hence < M images of short disks in X. Since each
image disk £ in X has at most < R;O paths that could serve as ', the total number
of possible image overlaps (q,q’) in X is bounded above by M(R;O)2.

Lastly, given a candidate image overlap (q,q’) in X, we need to check how many
pre-images in X (o) correspond to overlaps between D and one of the small disks.

D, each of

The image of the common path ' in X lifts to n paths inside X (o)(
them lying on some lift of the disk £. However, we know that there are at most < M
lifts that are small disks, and as each of them have index < I, there are < M1 lifts
of ' along small disks. Since there is a bijection between the lifts of q" and those of
q (they define the same path in X)), we see that the pair (q, q’) has at most < M
lifts that are overlaps between the given disk D and one of the short disk lifts of E.
Combining this with the estimate on the number of possible projected overlaps in X
from the previous paragraph, Fact 3 follows.

From the upper bound on the number of overlaps, we can deduce a lower bound
on the length of the boundary dD for the quotient disk. The other ingredient we will

need is to compute an upper bound on the size of the overlaps for the quotient disk

D. We have:
Fact 4: Any overlap for D has length < (MQI(RL(’))2 + 1)(9.

To see this, let us consider an overlap between D and some other disk £ in the

quotient space Y (o). These are images of disks D, E inside X (¢), and we would like to
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relate the overlaps in X (o) between D, E with those in Y () between D, E. Observe
that if we have an overlap in X (o) with the property that the two edges preceding
and following survive in the quotient space, then the image will be an overlap in Y (o).
But if the preceding and/or following edges are in the subsets being collapsed, then
we can potentially lose the “witness” to the start/end of the overlap. In that case,
in the quotient space the overlap could continue, as the subsets where they differed
can be collapsed down to points. This would result in a potentially longer overlap in
Y (o), obtained by concatenating two overlaps in X (o).

Now the only way such a concatentation can occur is if the overlap in X started
and ended on part of a short disk. More precisely, along the disk D we have a
collection of paths p; C dD that come from overlaps with small disks. From Fact
3 there are at most < M?I(R;O)? such overlaps. So at most < M?I(R;0)* + 1
concatenations can occur. Since overlaps in X (o) have length at most O, Fact 4

follows.

Finally, with Fact 3 and Fact 4 in hand, it is straightforward to estimate the
overlap ratio of D. Indeed, D is the image of the long disk D in X (o) under the
quotienting map. Since D is a long disk in X (o), it is a branched cover of a disk
in X, with index > K. So the length of D is bounded below by > KRgs. When
computing the length of D, we see from Fact 3 that at most < M2I(R,0)? overlaps
with short disks get collapsed to points. Since each of these overlaps has length < O,

we get the lower bound

((dD) > KRg — M*I(R,0)*O

> AN TOM?I(RLO)?* + 11O
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where the second inequality follows from the chosen value of K. Now using the

estimate for the overlap length from Fact 4 we get:

o(D) < (M?I(R,0)*+1)0O

= A
= N 1OM2I(R,0)2 + A 10

as desired. Since this estimate holds for any long disk in our X (o) satisfying conditions

(1), (2), (3), it concludes the proof of the theorem.

1.5 Concluding Remarks

We end our paper with some general remarks on topics related to our random

models and our main theorem.

1.5.1 Multiple vertex case

The attentive reader will notice that our Main Theorem is stated for acceptable
2-complexes, but that in our proofs we work exclusively with the special case of a
presentation 2-complex. In fact, the two statements are equivalent, as we now explain.

Given an arbitrary finite acceptable 2-complex X, we can take a spanning tree T’
in the 1-skeleton of X, and create a new 2-complex Z by collapsing T to a point. By
construction, the 1-skeleton Z() is a bouquet of circles, so Z has a single vertex. The
quotient map ¢ : X — Z is a homotopy equivalence, since it is obtained by collapsing
the contractable set T. Each polygonal 2-cell in X gives rise to a polygonal 2-cell in
Z. Moreover, the restriction of ¢ to the 1-skeleton is a homotopy equivalence between
XM and YV so provides an isomorphism ¢ : 7 (X)) — (YD) | Tt follows that
an attaching map «a for a disk in X is a proper power in 71(X®) if and only if the
corresponding attaching map ¢ o « for a disk in Z is a proper power. Similarly a
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pair of disks have identical attaching map in 71 (X ™) if and only if the corresponding
attaching maps in 7;(Z(")) are identical. This shows that Z is also an acceptable
2-complex, but with a single vertex, so can be viewed as a presentation 2-complex.
Finally, our model for random branched covers of Z are obtained by taking or-
dinary degree n covers of the 1-skeleton Z"), and inducing a branched cover by at-
taching disks along all the connected lifts of an attaching map (see Section 1.3.1 and
Section 1.3.2). From covering space theory, all information on lifting is encoded in the
fundamental group of the 1-skeletons. Hence the group isomorphism ¢y allows you
to obtain a corresponding finite cover of X, and a homotopy equivalence between
this finite cover and the 1-skeleton of the branched cover Z (o). Under this homotopy
equivalence, we can transfer the lifts of the attaching maps to the finite cover of X
and form a corresponding branched cover X (o) of X. By construction, there is then
an induced homotopy equivalence X (o) ~ Z(o). It follows that topological results
about the random model can be transferred from the presentation 2-complex case to

the general case of acceptable polygonal 2-complexes.
1.5.2 Relations that are proper powers

One of the conditions in our definition of acceptable 2-complexes is that none of
the attaching maps for the 2-cells represent proper powers in 71 (X ™). This property
was used in the proof of Lemma 1.2.7, showing that acceptable 2-complexes have finite
overlap ratio. There is however a more fundamental reason for requiring this property.
We introduced in Definition 1.2.1 the notion of a branched cover for a 2-complex X,

k

and in Section 3.2 explained how to associate, to each element o € Sym(n)* a space

X (o). Let us consider this construction when some of the relations are proper powers.
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Example 1.5.1. Consider the finite group Z; = (x | z?). The presentation two
complex X has a single loop labelled x, and a single attached by the degree two
map on the circle. So X is homeomorphic to the projective plane RP?, a closed
non-orientable surface. Any branched cover of X would also have to be a closed
surface.

Now consider the space X (o), where o = (12...n). The 1-skeleton of X(o) is
a cycle of length n. There is only one lift of the attaching map of degree 2 to this
1-skeleton. This is either a degree one map if n is even, or a degree two map if n
is odd. So the space X (o) is either homeomorphic to RP? (if n odd) or to D? (if n

even). Of these X (o), only the n odd case produces a branched cover.

The example above might cause some concern about our model for random branched
covers. However, for acceptable 2-complexes, we can check that we do indeed obtain

branched covers.

Lemma 1.5.2. Let X be an arbitrary presentation 2-complex. If none of the relations

are proper powers, then X (o) is a branched cover.

Proof. We first note that there is a natural map X (o) — X induced by the covering
map on the 1-skeleton, extended to a branched cover from each 2-cell in X (o) to its
image 2-cell in X. It is straightforward to check that every point in X that is not
the center of a 2-cell has exactly n pre-images, where n is degree of the covering on
the 1-skeleton. By construction, in the interior of the 2-cells the map is a branched
covering. So we are left with checking the local topology along pre-images of edges.
In a polygonal 2-complex, the local topology at a point inside an edge is easy to

describe. Let k denote the number of occurrences of that edge (and its inverse) along
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the boundary labels of all the attached 2-disks. Then locally, a closed neighborhood
of the point is homeomorphic to the product I x C}, where C} is the cone over a
discrete set of k points. Under this identification the edge corresponds to the product
of I times the cone point.

So to decide whether the canonical map X (o) — X is a covering map, it suffices
to compare, for a loop e C X and a pre-image edge ¢; C X (o), the number of
occurrences of those edges along labels of disks in X and X (o) respectively. Take one
of the local branches of the neighborhood I x C} of the edge e in X. This corresponds
to a unique edges in a disk D with label e. We can lift the boundary of this disk
starting at that labeled edge e, with initial lift e;. This will yield a lifted disk D’ inside
X(o). If we can construct such a lift for each edge labeled e in the boundary labels
of disks in X, then we would get the exact same number of local branches around e;
in X (0). The problem that arises, as illustrated in the previous example, is that one
could potentially start lifting from distinct edges labeled e in the boundary of a disk
D, whose lifts give you the identical path in X (¢)). In that case, instead of having
two local branches from the two distinct lifts, we will only obtain one local branch,
as our construction of X (o) associates one disk to this closed loop.

Next we notice that this situation can only happen if the label on 9D has a partial
rotational symmetry. Namely, if s is the distance along D where the two e labels
occur, we note that rotating the labeling by s gives back the identical labeling. Since
1 < s < £(0D), the bi-infinite word on 9D is now periodic under both a 0(0D)-
translation, and an s-translation. Arguing as in the proof of Lemma 1.2.7, one sees

that the bi-infinite word is in fact periodic with period GCD(s,¢(0D)) < ¢(0D).
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This implies that the relation corresponding to the disk D is a proper power, a

contradiction. O
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Chapter 2: Codimension Two Complements in Hyperbolic

Products

2.1 Introduction

For any m,n > 2, suppose that M is a finite-volume manifold with universal cover
isometric to the product of hyperbolic spaces, H™ x H", and containing a (possibly
disconnected) embedded, compact, codimension two totally geodesic submanifold S
whose lifts to H™ x H" are isometrically embedded copies of H™™! x H"!. Let
N = M\ S and, for some integer d > 2, suppose that the ramified branched cover
Xq of M about S is a smooth manifold. In this paper we aim to study geometric and
topological properties of N and Xj.

The reason for considering submanifolds of codimension two in our definition of N
is that their removal significantly alters the fundamental group. If the codimension
were higher, then we would have that m(N) = 7 (M), whereas if S had codimension
one then there is a well-known simple relationship between 71 (N), m1(M). In the
codimension two setting, this connection is more complicated and rich. In the present
setting, it is straightforward that m1(N) is an overlattice in the sense of Gromov [19,

Pg. 126], that is, w1 (V) surjects onto the lattice m (M), with infinitely generated
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kernel. We include the study of the branched cover X, since many of our geometric

constructions will apply to these manifolds as well.
Geometry of (M, S)

From a geometric point of view we look to answer the following two questions:

1. Does N admit a complete, finite volume, nonpositively curved metric which

turns S into a cusp of N7

2. Does X; admit a nonpositively curved Riemannian metric?

There exists a lattice I' < Isom(H™ x H") such that M = (H™ x H")/T". It turns out,
maybe somewhat surprisingly, that the difficulty in answering questions (1) and (2)
depends on properties of I'. The simplest case is when I" splits as a product. That is,
when there exist lattices I';;, < Isom(H™) and I';, < Isom(H") such that I' = I',,, x T',,.
In this case we can prove the following, where statement (2) in Theorem 2.1.1 is due

to Fornari and Schroeder [15].

Theorem 2.1.1. Suppose that I" =1T',,, x '), splits as a product, and let M,S, N, and

Xy be as defined above. Then

1. N admits a complete, finite volume, A-reqular*, nonpositively curved Rieman-

nian metric, and

2. X4 admits a nonpositively curved Riemannian metric.

Our proof of Theorem 2.1.1 (1) uses the confluence of an idea of Fornari-Schroeder
[15] and a straightforward adaptation of the A-regular metric constructed by Bele-

gradek in [4]. The latter is similar to the “funnel” construction of Avramidi and

1See Definition 2.3.9
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Pham in [2]. But, unfortunately, the arguments for Theorem 2.1.1 are insufficient for
when I is not a product (including the argument for (2) in [15]). The reason for this
is as follows. Our proof constructs a nonpositively curved metric g on the universal
cover H™ x H". But there exist points arbitrarily far away from H™ ! x H"~! where g
does not agree with the product hyperbolic metric Em X f~)n We will show that, when
" splits as a product, g still descends to a well-defined metric g on M (Proposition
2.3.4). But there is no reason to believe that g will be well-defined when I' is not a

product. See Remarks 2.3.5 and 2.4.5 for more information.

Corollary 2.1.2. Suppose that I' = T',, x I, splits as a product, and let M, S, and

N be as defined above. Then N is aspherical.

Remark 2.1.3. In order to avoid confusion, throughout this paper a metric g with a
“tilde” will denote a metric on the universal cover, whereas we drop the “tilde” and
use ¢ for the corresponding metric on our manifold. We will sometimes also drop
the “tilde” in subscripts and in calculations when the metric should be clear from

context.

The other two cases are when I' is reducible and when I' is irreducible (see Def-
inition 2.2.1). If I' is reducible then it contains a product lattice as a finite index

subgroup (Remark 2.2.2). This gives us the following Corollary.

Corollary 2.1.4. Suppose that I' < Isom(H™ x H") is reducible, and let M and S

be as defined above. Then M admits a finite cover M with lift S of S such that

1. N = M\ S admits a complete, finite volume, A-regular, nonpositively curved

Riemannian metric, and
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2. X4, the d-fold ramified cover of M about S, admits a nonpositively curved Rie-

mannian metric.

The latter statement, of course, assumes that the branched cover X is a smooth

manifold.

Remark 2.1.5. Suppose I' is reducible but not a product. Then N has a finite cover
N = (H™ x H")/T with T a product, and so N admits a nonpositively curved metric.
It is tempting to think that one can construct an action of the finite group G = I'/T’
on N to define this nonpositively curved metric on N. But such an action would
induce a G-action on the space of nonpositively curved metrics on N via the pullback
metric, and one can find a G-equivariant nonpositively curved metric on N exactly
when this induced action has a fixed point. It is unknown to the authors if this is

possible, but results like those in [13] make this seem unlikely in general.

When I' is irreducible, the best that we can prove is that N and X; admit an “al-
most nonpositively curved metric”. We say that a Riemannian manifold Y with finite
volume is almost nonpositively curved if, given any € > 0, Y admits a Riemannian
metric with all sectional curvatures bounded above by ¢ and with volume bounded

above by some constant C,,; independent of . Our precise statement is as follows.

Theorem 2.1.6. Suppose that T' < Isom(H™ x H"), and let e > 0. Let M, S, N, and

Xq be as defined above.

1. The manifold N admits a complete Riemannian metric of almost nonpositive

curvature. Moreover, one can choose Cyo = vol(M, B, X by,) + & for any £ > 0.

2. The branched cover X4 is almost nonpositively curved. In addition, one can
choose Cyop = d - vol(M, b,, X b,,) + & for any £ > 0.
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Remark 2.1.7. Our definition of almost nonpositive curvature for a general manifold
is not equivalent to the definition that is frequently used for compact manifolds (see,
for example, [17] or [3]). Using Chern-Weil theory and an argument similar to that in
9], one can show that a 4-manifold with almost nonpositive curvature (in our sense)
has nonnegative Euler characteristic. In particular, Theorem 2.1.6 is nontrivial in

that it cannot apply to any 4-manifold with negative Euler characteristic.

The above Theorem is true for any lattice I', but we are mainly interested in I’
irreducible. In this case, we must have m = n. Also, for statement (1) above note
that the product hyperbolic metric ,, X b, descends to a nonpositively curved metric
on N, but this metric fails to be complete at .S. Lastly, note that we do not make any
assumptions about the normal injectivity radius of S in M (besides that it is positive
since S is compact). Theorem 2.1.6 asserts that N and X, admit metrics with all
curvatures less than ¢ independent of the size of the normal injectivity radius of S.

We prove Theorem 2.1.6 in the standard way: we write the product metric B X B
on H™ x H" in polar coordinates about H™™* x H""! (equation (2.3.7)), we consider
the corresponding warped-product metric A (2.3.8), we calculate formulas for the sec-
tional curvature tensor of A (Theorem 2.3.6), and then we attempt to find coefficient
functions so that A has bounded volume, nonpositive curvature, and satisfies our de-
sired properties. The difficulty, of course, is that at each point of M there are many
2-planes with curvature 0 with respect to the metric b,, x b,. So, in one direction,
there is no room for error in this warping procedure. In light of [40], it is certainly
possible that one or both of N and X; do not admit a nonpositively curved metric

with the desired properties, but we do not know how to prove this.

46



We now describe how our results above fit into the existing literature. Given
M as above, any embedded, compact, connected, totally geodesic, codimension two

submanifold S of M, has universal cover S given by exactly one of the following three

types:
1. S is isometric to either H™ 2 x H" or H™ x H"2,
2. S is isometric to H™ 1 x H" 1,

3. m=n=2and S is isometric to H? which (up to isometry) has been diagonally

embedded in H? x H? .

We first consider complete, finite volume metrics on N that turn S into a cusp.
In Case (1), N admits a complete, finite-volume, non-positively curved, A-regular
metric by a straightforward extension of a result of Belegradek [5] to the product
case. Our stated results pertain to case (2). In Case (3), it is presently unknown
if N admits such a metric. A similar study for complex hyperbolic manifolds is
contained in [4] and [32]. However, in that setting, the consideration of products of
complex hyperbolic manifolds is not interesting, as the only type of codimension two
totally geodesic real submanifolds not included in case (1) are induced by diagonal
embeddings of CH' into CH' x CH', which is precisely Case (3) above. Lastly,
note that quaternionic (dimension > 1) and Cayley hyperbolic manifolds do not have
totally geodesic submanifolds with real codimension two.

We now turn our attention to metrics on branched cover manifolds. The fact that
branched covers X of manifolds M from Case (1) above admit a non-positively curved
metric is a straightforward extension of the famous Gromov-Thurston construction
[20]. Case (2) is again considered above, where we include the work of Fornari and
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Schroeder [15]. Conversely, Stadler [40] has shown that such a result does not hold
in the setting of Case (3). More precisely, if M is modeled on H? x H? and S lifts
to the diagonal in H? x H? (up to isometry), then any d-fold branched cover X over
M does not admit a non-positively curved Riemannian metric. This suggests that,
in the setting of Case (3), M \ S might not admit a complete, finite-volume, non-
positively curved Riemannian metric, and also lends evidence that Theorem 2.1.6
may be optimal. In the complex hyperbolic setting, similar branched covers were
recently constructed in important work of Stover-Toledo [42], and interesting nega-
tively curved metrics were constructed on collections of these manifolds in [43] and

[34].

2.2 Lattices in Isom(H™ x H")

In this section, we recall some basic facts about locally symmetric orbifolds M
whose universal cover is isometric to H™ x H", for m,n > 2.
Throughout we let ¢, denote the standard quadratic form on R™! which is

defined by the formula
G (1, Tingr) = 27+ -+ T — T (2.2.1)
The hyperboloid model of hyperbolic space is then given by
H™ = {(331, oy Tg1) ER™ g, 1) = =1, Ty > O} , (2.2.2)

and the orientation preserving group of isometries, Isom™ (H™), of this model is given
by

SOg(m, 1) = {A € SLins1(R) | gu(Az) = g (), Vo € R™'}7,
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where the notation on the righthand side of this equation denotes the identity com-

ponent. In particular,
SOg(m, 1) x SOg(n,1) = Isom™ (H™) x Isom™ (H") <;; Isom™ (H™ x H"), (2.2.3)

where the notation means that this is a subgroup of finite index. For ease of notation,
we let Gy, = SOg(m, 1) throughout the remainder of this section.

Recall that two discrete subgroups I', IV < Isom™ (H™ x H") are commensurable
(in the wide sense) if there exists g € Isom™ (H™ x H") such that TN gl”g~! is a finite
index subgroup of both I' and gI"g~!. Geometrically this is equivalent to (H™ x H")/T
and (H™ x H")/T" having a common finite cover. The notion of commensurability
forms an equivalence relation and we will primarily be interested in commensurability
classes of subgroups (equivalently, orbifolds). As such, Equation (2.2.3) implies that
we may focus our attention on subgroups I' < G, X G,,.

We call ' < G, X Gy, a lattice if T is discrete and the quotient (G, x G,)/I" has
finite Haar measure, equivalently, if the orbifold (H™ x H")/I" has finite-volume. If a
lattice I is additionally torsion-free, then the quotient (H™ x H™) /T is a finite-volume
manifold. Such lattices are always finitely generated [38, Cor 13.15] and therefore
Selberg’s lemma [39, Lem 8] allows one to find a finite index subgroup I" < T' which
is torsion-free and consequently a finite-volume manifold (H™ x H"™)/I"” which finitely
covers (H™ x H")/T". Owing to this, for the time being, we postpone the issue of

requiring lattices to be torsion-free.

Definition 2.2.1. We say that a lattice ' < G,,, X G, is irreducible if its projection

to each of G,,, G,, is dense and reducible otherwise.
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Remark 2.2.2. Tt is straightforward to construct reducible lattices by letting I' =
I'y x I'y, where I'y < G,,, and I'y < G, are lattices, and indeed all reducible lattices

have a finite index subgroup of this form [38, Ch. 5.

It is also well-known that irreducible lattices exist in GG,,, X G,, if and only if G,
and G,, are isotypic, that is, if their complexifications are isogenous (see for instance
[36, Ch. 5F]). By a straightforward dimension argument, one sees that this is possible
if and only if m = n. Therefore when m # n, necessarily any lattice I' < G,,, x G,
is reducible. When m = n irreducible lattices are necessarily arithmetic by seminal
work of Margulis [31, Ch. IX], as G,, X G, is a higher rank Lie group.

Then we consider families of irreducible arithmetic lattices in G,,, X G,, whenever
m = n > 2. In fact, as it requires minimal extra work, we will describe how to
construct infinitely many commensurability classes of arithmetic lattices in (G,,)"
for any k£ € N and therefore finite-volume orbifolds of the form (H™ x --- x H™)/I.
Throughout this subsection, fix a choice of k € N.

Let K be a totally real number field with d = [K : Q| and denote by 0; : K — R
the Galois embeddings of K for 1 <1 < d. We will always require that d > k in the
sequel. Let ¢ be a K-quadratic form on the K-vector space K™*! then we say that
the pair (¢, K) is admissible if 1) K is the minimal field of definition of ¢ and 2) the
forms ¢7',...,q% each have signature (n,1) over R, and ¢% is positive definite for
any ¢ > k.

Given a field F and a quadratic form ¢ on the vector space E™*! let B, denote
the matrix associated to ¢ in the standard basis. Then the special orthogonal group

associated to (E,q) is given by

SO,(E) ={A € SL,,;.1(E) | ATB,A = B,}.
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Of particular importance is when (¢, K) is an admissible pair, then Sylvester’s law of

inertia gives that
SO(m, 1), 1<i1<k

, (2.2.4)
SO(m+1), i>k

SOy (R) = {

In particular, we have the embedding

¥ 2 80, (K) = 80(m, 1) x -+ x SO(m, 1) x [ [SO(m + 1),
kt?;les

g— (01<g)7 s 7ak(g)7ak+1(9)7 st >0d(g))

i>k

where we abusively suppress the post-composition with the isomorphisms from Equa-

tion (2.2.4). If Ok denotes the ring of integers of K and
A =80,(0k) = {A €SL,,11(0k) | A"B,A = B,},

then (A) is discrete in SO(m, 1)* x SO(m + 1)47*. Indeed, this follows from the
fact that Ok is discrete in R? via the similar map induced by the Galois embeddings.
An important theorem of Borel-Harish-Chandra [7] moreover shows that ¢(A) is a
lattice in this product.

Letting 7 denote the composition of ¢) with the projection from this product to the
SO(m, 1)* factor, it follows that I' = w(¢(A)) N (G,,)* is a lattice in (G,,)*. Indeed,
the kernel of 7 is the compact group [],., SO(m + 1). It is also straightforward to
check from the setup that the projection to each G,, factor of (G,,)* is dense and

therefore I is an irreducible lattice in (G,,)*.

Definition 2.2.3. We call any lattice in Isom™ (H™ x - - - x H™) that is commensurable
with some I' as constructed above an irreducible arithmetic lattice of simplest type.
Given such a lattice, we call the pair (g, K) used to construct I' the arithmetic data

associated to the lattice.
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A couple of facts follow from this definition which we list as remarks.

Remark 2.2.4. Given two arithmetic lattices of simplest type I', I” with associated
arithmetic datum (¢, K), (¢, K’) then I' and IT” are commensurable if and only if
K = K’ and g and ¢ are in the same K-similarity class. The latter means that ¢
is K-isometric to A\¢’ for some A € K*. In particular, the number field K and the

K-similarity classes of ¢ is a complete invariant of the commensurability class.

Remark 2.2.5. By Godement’s compactness criterion [36, Prop 5.26] an arithmetic
lattice of simplest type I' with associated arithmetic data (¢, K) is cocompact if and
only if ¢ is anisotropic, that is, if there is no non-zero v € K™*! for which ¢(v) = 0.
Otherwise, we say that ¢ is isotropic. These notions are commensurability invariants.
Moreover, the Hasse-Minkowski theorem shows that ¢ is isotropic if and only if ¢
is isotropic over every completion of K. Therefore, whenever d > k the form ¢ is
necessarily anisotropic since there is at least one completion associated to a Galois

embedding for which ¢ is positive definite (and hence anisotropic).

Using the previous subsections, for each pair m,n > 2, we now provide infinitely
many commensurability classes of manifolds to which Theorems 2.1.1 and 2.1.6 ap-

plies.

Theorem 2.2.6 (N.Miller). For every m,n € N such that m,n > 2, there exists
infinitely many commensurability classes of finite-volume manifolds with universal
cover isometric to H'™ x H" and containing an embedded compact totally geodesic
submanifold with universal cover isometric to H™ ' x H*~!. Moreover, when m = n,

these manifolds may be taken to be either reducible or irreducible.
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2.3 Riemannian Metric for Product Lattices

In this section we first provide details for a construction that was quickly outlined
in the second and third paragraphs of Section 3 of [15]. We provide full details here
for two reasons. The first is because this construction is critical to our proof for
Theorem 2.1.1 (1). The second reason is to illustrate why this argument only works
for product lattices. We then prove Theorem 2.1.1 (1), using curvature formulas for a

warped product metric (Theorem 2.3.6) that will play a much larger role in Section ?7.

2.3.1 Warped Product Metric on Product Lattices

Consider the manifold R” & R"™! x (—o0,00). If we endow R"™! with the hy-
perbolic metric f~)n_1 and let z,, denote the variable in the last coordinate, then it is
well-known (see for example [5]) that the hyperbolic metric b, on R" can be written
as

by, = cosh®(z,)b,—1 + da?. (2.3.1)

Now, let 0, : R — (0,00) be a positive, real-valued function of z,. Replacing

cosh(z,) with o, (z,) in equation (2.3.1) yields the warped-product metric
Gn = 0 (x)b1 + dal. (2.3.2)

The components of the sectional curvature tensor of g, will, of course, be functions
of 0,. Formulas for the sectional curvature tensor of g, are again well-known (see
for example [5, Eqns. 3.1, 3.2]). We list the relevant formulas after establishing an
appropriate frame. All calculations in the following paragraph are with respect to the

hyperbolic metric b,,.
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Let ¢ : R® — R™! x {0} be the orthogonal projection. Let ¢ € R™ and p =
¢(q). Choose an orthonormal frame (X, ..., X, 1) about p for T,R"~'. Since ¢ :
R™ — R™ ! is a submersion, dy : T,R" — T,R""! is an epimorphism. Moreover,
letting H denote the orthogonal complement to Oz, := 0/0x,, in T,R"™, we have that
dely + H — T,R"! is an isomorphism. Letting X; = dip|;/'(X;) € H defines an
orthogonal frame (X7,..., X,,_1) for H about ¢q. This frame is not orthonormal since

Bn(XZ-, X;) = cosh®(z,) for each i. So the collection of vectors

1 0
YVi=—X, for1<i<n-1, Y, = 2.3.3
cosh(x,,) rh=ten Oxy, ( )
forms an orthonormal frame for 7,R"™ about ¢ with respect to the metric By.
The corresponding orthonormal frame for g, is
1 , 0

Yi=—X;, for1<i<n-—1, Y, = ) (2.3.4)

On or,,

Let K,,(A, B) denote the sectional curvature of the 2-plane spanned by the vectors
A and B with respect to g,. Formulas for the sectional curvatures of g, with respect

to the frame in Equation (2.3.4) are

1 7\ 2

Ka(Yi, ) = —— — <%) for 1 <d,j<n—1. (2.3.5)
on On
O_//

K,Y,Y,)=—" forl1<i<n-—1. (2.3.6)
On

Additionally, there are no mixed terms. The frame in Equation (2.3.4) diagonalizes

the curvature operator with respect to g,.

Before stating Proposition 2.3.2, we state Lemma 2.3.1, a smoothing lemma that
we will use at several points throughout this paper including in the proof of Propo-
sition 2.3.2. Lemma 2.3.1 is intuitively clear, but the proof of a more general version
of this lemma can be found in [4, App. A].

o4



Lemma 2.3.1 (Smoothing Lemma). Let fi : [a1,¢] — R and fy : [c,as] — R be
smooth functions which satisfy fI' > 0 fori = 1,2, fi(c) = fa(c), and fi(c) < fi(c).
If f : la1, as] — R denotes the concatenation of fi and fo, then there exists 6 > 0 and
a smooth function fs5 : (a1, as] — R such that f > 0 and both fs = f and f; = f' at

the endpoints a, and as.

Proposition 2.3.2. Let n > 0. Then there exist €1 and 9 satisfying 0 < €1,e9 <

(1/2)n and a non-positively curved metric g on R"™ x [—n,n] which satisfies

g= By + dz?  over R"' x (—e1,61),

by, over R"™' x ([—n,—n+ &) U (n — £2,7]) .

N}
I

Remark 2.3.3. Proposition 2.3.2 is easily seen to be true for any €1, 9 which satisfy
the given inequality, however, in what follows we only need the weaker statement

above.

Proof. Let £1 = €9 = (1/8)n. Define the continuous, piecewise-smooth function &,

over [0, 7] by
1, ifo<az<in
~ cosh(2n)—1 .
Op = 1+%(w—in), 1f[—1177§x§%77
cosh(x), if 3n <z <

The middle piece of this function is linear and interpolates between the values
1 and cosh(3n) over the closed interval [(1/4)n, (3/4)n]. Note that, away from the

breakpoints (1/4)n and (3/4)n, this function is smooth and satisfies 6/ > 0.
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A ~

One sees immediately that lim, (i 4y,- 6,,(2) = 0 < limg_,(q/4y,+ 6,,(2). For the

other breakpoint, note that

lim 6 () = ——a2 ~

e (3/4)n~ i
lim &) (x) = sinh 3
e @Ayt 4)

Using Taylor series it is an easy exercise to see that, again, lim,_,(3/4),- 6,,(z) <
lim,_,(3/4)y+ 07, (x). The smooth function oy, is obtained by applying Lemma 2.3.1 to
d, about both break points. By our above calculations we know that o//(z) > 0 for
all x € [0,n]. Finally, since 1 and cosh(z) are even functions, we can define o, in a

symmetric manner over [—n, 0]. O

Suppose I' < Isom(H™ x H") is a product lattice. So there exist I',,, < Isom(H™)
and I';, < Isom(H") such that I' =T, x I',. Let X,,, = H™/T,, and X,, = H"/T,,.
Then

M = (H™ x H")/T = (H"/T,,) x (H"/T,)) = X0 % X,

The universal cover of (each component of) our codimension two submanifold S
is isometric to H™ ! x H"~!. Thus, S naturally splits as a product Y, x Y,,, where
Y,, C X,, and Y,, C X,, are both codimension one totally geodesic submanifolds. The
hyperbolic metrics 6m and 6n descend to metrics on X,, and X,,, of course. But by
Proposition 2.3.2 the manifolds X; (i = m,n) admit nonpositively curved metrics g;
which, locally about Y;, are isometric to h;_1 x e; (where é; denotes the Euclidean
metric on R?). The metric g = ¢,, X g, is thus a nonpositively curved metric on M
which, for some r > 0, is isometric to bh,,_1 X h,_1 X e on the interior of the r-tube

about S.
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Since (M, b, X b,,) is assumed to have finite volume, each (X;, h;) has finite volume.
But g; and b; agree on X; outside of a compact set. Therefore (X;,g;) has finite
volume, and thus (M, ¢,, X g,) likewise has finite volume. We summarize all of the

above in the following Proposition.

Proposition 2.3.4. Let I' < Isom(H™ x H") be a product lattice, let M = (H™ X
H")/T, and let S C M be a totally geodesic, codimension two submanifold whose
universal cover is isometric to H™ ' x H""'. Then there exists a metric g on M

which is nonpositively curved, has finite volume, and locally about S is isometric to

Brm—1 X bp_1 X €.

Remark 2.3.5. The construction above only works for product lattices. At the level of
the universal cover, the metric g; differs from b; on some strip about H'™! (i = m, n).
The product of these strips will contain points arbitrarily far from H™~! x H"~!. So,
if I' does not split as a product of lattices, then there is no guarantee that the metric

g = Jm X gn will descend to a well-defined metric on M.

There are several easy arguments to prove Theorem 2.1.1 (1) using Proposition
2.3.4. But to prove Theorem 2.1.6 we will need the curvature formulas in Theorem
2.3.6 below. So we develop these formulas in this subsection, and then use them to
prove Theorem 2.1.1 in the next subsection.

Consider the product R™ x R™ = R™ ! x (—o00,00) x R"™ x (—o00,00). By

Equation (2.3.1), we have that the product hyperbolic metric can be written as
B X B = cosh? () 0m_1 + dz?, + cosh? (yn)bn_1 + dy?.

If we define
T =1cos(0), 1y, =rsin(h),
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for r € [0,00) and 6 € S*, then the product hyperbolic metric becomes
B X B, = cosh?(r cos(0))h_1 + cosh?(rsin(0))h,_1 + r2df? + dr?. (2.3.7)
The associated warped-product metric is
X =a*(r,0)0,1 + B2(r,0)b,_1 + f2(r)d6* + dr?, (2.3.8)

where o and 3 are positive functions of » and 6 and f is a positive function of r. In
Theorem 2.3.6 we work out formulas for the components of the sectional curvature

tensor of X\. These formulas will, of course, be functions of «, 3, and f.

As in Section 2.3.2, we must first define an orthonormal frame for A. For the

hyperbolic metrics in A, we use the half-space model and write

1 2 2

B = —x%%_ldxl N x%l_ldxm_l, (2.3.9)
1 2 1 2

Bp1 = 5 —d% +i 5 dynq- (2.3.10)

n—1 n—1

LetX{za%i, for 1 <i <m-—1andY] = Biyj, for 1 < 5 < n—1. Then
{X{,...,X],_;} and {Y{,..., Y, ;} will be an orthogonal frame for the orthogonal
complement to {96,0r} defined in an identical manner as in Subsection 2.3.2.1. We

define the orthonormal frame {X1,..., X,,_1,Y1,..., Y1, Zs, Z,} by

Tm—1 / .
= X! <1 < — 0.
a(r,é’)Xz for1<i<m-—1, (2.3.11)
Yn—1 / .
Y, = Y forl1<i<n-—1, 2.3.12
B(r,0) ( )
1 0
- 2.3.13
GG 231
Z, = 2 (2.3.14)
T 87’" J.
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2.3.2 Sectional Curvature Formula

In what follows, for the functions «a(r,0) and §(r,0), we will use the standard

notation

ba o
o’ YT bg

Q=
and similarly for g and for second order partial derivatives. It is important to note

that subscripts only stand for partial derivatives when they are used with the functions

«a and .

Theorem 2.3.6. Let \ = a?(r, H)Gm_l + 32(r, G)Gn_l + f2(r)d6? + dr* be the metric
on R™1 x R x S x [0,00) defined in Equation (2.3.8). Up to the symmetries of

the curvature tensor, the non-zero components of the curvature tensor are:

Ka(Xi, X;) = ; <1 +al 4 J;) where i # j, (2.3.15)
Ky\(Y;,Y;) = 61 (1 + B2+ %) where i # 7, (2.3.16)
Kx(X:, Zg) = —aif (ozrf' + %) , (2.3.17)
K\(Yi, Zp) = T (Brf + %) (2.3.18)
K\(X,, Z,) = —O‘O:T, (2.3.19)
Ky\(Yi, Z,) = —Bﬁ”, (2.3.20)
KA(X:,Y;) = 16 (aTBT O‘Jiﬁ‘)> : (2.3.21)
K(Zr, Z4) = _fT (2.3.22)
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For non-zero mixed terms, we only have

< R\(Xi, Z,)X;, Zg 2= aif (O‘;f - ow) , (2.3.23)
< R\(Y3, Z,)Yi, Zp >x= ﬁlf (B;f 57«9)

Proof. The authors calculated the above formulas using two different methods and
obtained the same results each way. We will describe both methods, and illustrate
their use by giving details for a few of the calculations. The first method will be
used to calculate one of the formulas in Equation (2.3.15), and the second method to
compute one of the formulas in Equation (2.3.23).

The first method is to calculate everything directly using local coordinates and

Christoffel symbols. Recall that, for a metric g and its coefficient matrix [g;;], the

formulas for the curvature tensor with orthonormal frame {X;,..., X} are
< R(XZ, Xj)Xk,Xs >= Rijks = Z Rijkgl& (2324)
!
where
S S S S 8 S
Ry = Zrl I3, ZFéde +3 Flk %ij, (2.3.25)
and
1 0 0 0
= - g1+ =g+ =0 | ™ 2.3.26
ij 2;<8a:igﬂ+8xjgl +8x193>9 ( )

Note that, in Equation (2.3.26), we are using the standard notation [¢"/] = [g;;] ™"

Now, for the metric A = a2(r,0)bm_1 + B2(r,0)hn_1 + f2(r)d6? + dr?, and its

orthogonal frame {X71,..., X,

LY LY 91 the (m+n) x (m + n)-matrix

1’87”80
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of the coefficient functions for the metric \ is

20 L. 0]
0
a2
~ $3L71 ﬁQ
[Aij} = v, (2.3.27)
52
yﬁ71
20
| 0 0 1

In this computation, we label m + n indices not just from 1 to m + n, but label
1,...,T,_1 for the first m — 1 indices, y1,...,y,_1 for the next n — 1 indices, r for
the (m + n — 1)th index, and 6 for the last (m + n)th index. From the formula in

Equation (2.3.26), we have non-zero entries of the Christoffel symbols

o1 =~ L= %, Iyy=2, forl<i<m-—2

v s o= DO, =% forl<i<m—l

A —ynl_l, Iy = %, ine = %, forl1<i<n-—2.
[yt = ynl_l, [t = %T, ng:e = %, for1 <i<n-1.

Vo =~ e, Uy, =g, T =% forali

e P = —yﬁi Iy, = —ff, foralli.

and recall that the Christoffel symbols are symmetric i.e., T, = T},

By applying the formulas in Equations (2.3.24) and (2.3.25), we obtain the com-
ponents for the (4,0)-curvature tensor. Let us illustrate this process by explicitly
working out the computation for K, (X;, X;) where 1 <4,j <m — 1 and i # j. The

other tensors can be computed similarly. First note that

Im—l

fL’m_
KX, X;) =< R(X;, X;)X;, X; >= 2 Reayaia, = S R s
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From the matrix in Equation (2.3.27) we have,

012

E : _ xj
Rx i L5 /\l% Rzzzjwl 2

Lin—1 '
We apply the formulas in Equations (2.3.25) and (2.3.26), and simplify as the

matrix ['** has zero entries except I}, [ T'7

0 0
:clzcjac, Facl;vl T l Fz i T4 x l + F:vlarl amrmia:l
)

_ T Zm-17%; T T 0 Tj
- FCEZZ‘Z ijzm_l + FIiIiFa:jT + szxzrxﬂ

and I'}'y up to symmetry.

1 -1 oy, O a0y Oy

2 r2.2
Tm—1 Tm-1  To,_q a  f222 | «
1 1 ol
=2 +a?+ -2 f2 .
m—1

Therefore we have

2

4
xT (%
Ky (X X.) = m—1 px;
>\( 2 j)_ 4 Rmimjzl 2
«Q 'Im—l

1 2
~— (et )

The second (equivalent) method to calculate the formulas in Theorem 2.3.6 is to
calculate the Lie brackets for the orthonormal basis in Equations (2.3.11)-(2.3.14),
use these to calculate the Levi-Civita connection, and then use the connection to
calculate the components of the sectional curvature tensor.

The relevant Lie brackets needed for Equation (2.3.23) are

/
OérXiu [Z@,Zr] = _LZQ
(07

f

o7

[XZ’Z9] O./f

Xi7 [Xza Z ]
Using the formula for an orthonormal basis
1
<VAB7 C> = _5 (<[B> O]? A) + <[A7 C]a B> + <[Ba A]a C>) )
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one calculates

VaXi= -2z - 2 g N, X, =0, VsZ =0, V,Zy=0.
Q@ af

Let us quickly note that no Lie brackets other than what are listed above contribute
to the above formulas for the connection.

Finally, we compute

(Ra(Xi, Z0) X, Zog)r = (V2,Vx,Xi = Vx, V2, Xi + Vix, 21 Xi, Zo)a

= (Vo (-2 — Y2} — Vi, (0) + 22V, X0, Zo)a
or a af Q@

— o+ ()3 argfa—ag(f'a+ fa,) a, a, vy
— 7, — Zy+ (g 27 7
< a? a? f? ot Q Q@ af o o

= i g — LOzre _ L (Qef/ - aw) .
af? af af

Lastly, note that the above calculation also gives the formula for K, (X;, Z,).

]

Corollary 2.3.7. Using the notation of Theorem 2.3.6, when o« = [ = 1 the only

nonzero components of the curvature tensor for \ are

f_//

K\(X;, X;)=-1, K\Y.,Y;)=-1, K\(Z,Zy)=— 7

> =]
2.3.3 Proof of Theorem 2.1.1

To prove Theorem 2.1.1 (1), we need to warp the product hyperbolic metric near
S in order to turn S into a cusp of N. We do this by defining functions o and S on
S' x (—o00,€) and f on (—o0,€) in Equation (2.3.8) for some sufficiently small & > 0.
As the radial parameter r approaches —oo, this has the geometric effect of turning S
into a cusp of N.
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Remark 2.3.8. By Fubini’s Theorem, and since S! is compact, a sufficient condition
for the metric A in Equation (2.3.8) to descend to a metric on N = M \ S with
finite-volume is that all three functions «, 3, and f are bounded for r € (—o0, €), and

at least one of the functions approaches 0 exponentially as r — —oc.

Definition 2.3.9. A Riemannian metric ¢ with curvature tensor R is A-regular if
there exists a sequence of positive numbers {A;} such that, for each k& > 0, the k'

covariant derivative of R satisfies |[V¥R|co < Aj.

Note that when k& = 0, this implies that the sectional curvature of g is bounded.
Obviously, any metric on a compact manifold is A-regular, and the hyperbolic metric
is known to be A-regular. Therefore, in our setting, we just need to show that our

constructed metric is A-regular on the region about S where we turn S into a cusp.

Proof of Theorem 2.1.1 (1). We want to construct a smooth metric on R™~1 x R" ! x
S! x (=00, 00) which will descend to a well-defined metric on N. We use Corollary

2.3.7 and Proposition 2.3.4, together with a change in coordinates.

Let n > 0 be the normal injectivity radius of S in M and 0 = (1/2)n. By
Proposition 2.3.4 there exists a finite volume, nonpositively curved metric g» on N
which is isometric to b,,_1 X b,_1 X €5 on the 1’ neighborhood of S. This metric lifts
to a metric g, with the same properties on R™ 2 x S! x (0, 00).

We now define a metric §; on R™™1 x R"™1 x S! x (=00, ¢;) where ¢; = %77’. From

Equation (2.3.8), by putting @ = 1 and § = 1, we have a metric

A =B+ by + f2(r)d6? + dr. (2.3.28)
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We want to construct a function f(r) such that f, f” > 0, and f — 0 exponentially

as r — —o00. Let €y = %61. Then there exists ¢ < min{l, e} and an € > 0 so that

ee® = c. Let 1c = €3 and define two functions fi(r) and fo(r) by

fi(r) =ee", r € les, ], (2.3.29)

fa(r)=r, re€cel (2.3.30)

Notice that fi(c) = ee® = ¢ = fa(c) and f{(c) = ee = ¢ < 1 = fi(c). Therefore,
by Lemma 2.3.1, there exists a smooth function f on [e3, €3] such that f” > 0, fi(e3) =

f(es), and fo(e2) = f(e2).

We thus have a smooth metric §; defined on R™™! x R"™! x S! x (—o0, €;) given

by
Bmfl + fPinfl + (EeT)QdQQ + d?”2, re (_007 63]
1= Oy + by + f2(r)dO> + dr®, v € [es,e) (2.3.31)
6m—1 + 671—1 + r2db? + dT2, re [62, 61]

By Corollary 2.3.7, the sectional curvature of g; is nonpositive. Note that, on
R™=2 x S! x [g9,61], 1 = Bt 4 Bu_1 + €2. Thus, §; = g» on this region. We
can therefore glue these metrics together to obtain a nonpositively curved metric g
defined on the whole of R™*"~2 x S! x (—o00,00). Since this metric agrees with g,
outside of the normal injectivity radius of S, it descends to a well-defined metric ¢
on N.

Since « = =1 and f = ee” on (—00,0), by Remark 2.3.8 the metric g has
finite-volume. For A-regularity, consider the metric g near the cusp. By Corollary
2.3.7 there are only three nonzero terms of the curvature tensor, all identically equal
to —1. Therefore all of its derivatives are zero and hence bounded. Thus the metric

g is A-regular. O
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2.4 Riemannian Metrics for The General Lattices

2.4.1 Riemannian Metrics on Cusped Spaces

Let E = H™ ' xH" ! xS, and consider the metric \ from equation (2.3.8) defined
on £ x (0,00). Let ¢ € Ex(0,00), let 0 C T,(E x (0,00)) be a 2-plane, and consider
the orthonormal frame about ¢ given by equations (2.3.11) through (2.3.14). Choose
an orthonormal basis (A, B) for o which satisfies that A is orthogonal to Z,, which
is always possible since the orthogonal complement to Z, has codimension one.

Choose a unit vector X; in the H™ ! component of T,(F x (0,00)) and a unit
vector Y7 in the H"™! component of T,(F x (0, 00)) which satisfy that X is parallel to
projgm-1(A) and Y] is parallel to projg.—1(A). Finally, choose corresponding vectors
X, and Y; such that projgm-1(c) C span(Xi, Xs) and projg.—i(c) C span(Y7,Ys).

Then there exist constants a1, as, as, by, b, ..., bg such that
A= X1 +a3Y) +a5Zp and B =0b,X; + by Xo+b3Y] +bsYs + b572y + b Z,.
Note that, since A and B are orthonormal, we have
ai+ai+tai=1 bi+...+bi=1  ab +azbs + asbs = 0.
In the sequel we use the following notation. Let
M=X1 =Xy W=Y1 W=Yy W=7y Q=2

and

Rijke = (R(€, Q) Qo)
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We then compute

Ky(0) = (R(A,B)A,B)) = a%bgRuu + (a1bs — a3b1>2R1313 + a%bZRMM
+ a3b3 Ragas + azby Rosas + a3bi Raazs + a2bi Rasas + a2bi Ress
+ (a1bs — asb1)? Ris1s + 2a1bg(arbs — asby) Risie + atbi Rigie (2.4.1)

+ (agbs — asbs)? Rasss + 2a3bs(asbs — asbs) Rasss + a3bg Rasse (2.4.2)

Lines (2.4.1) and (2.4.2) can be rewritten as

B Ris15 Risie| |aibs — asby
[a1b5 (l5b1 a1b6:| |:R1516 R1616:| |: ale :| (243)
and
. Rasss  Rasae| |asbs — asbs
|:CL365 CL5b3 agbd |:R3536 R3636:| |: a3b6 :| . (244)

With these calculations we are ready to prove the following proposition, which

gives a relatively simple criterion to determine exactly when \is nonpositively curved.

Proposition 2.4.1. The metric X in (2.3.8) is nonpositively curved if and only if

both of the following two conditions hold:

1. All of the curvatures in equations (2.3.15) through (2.3.22) are nonpositive.

2. All matrices of the form

K)\(Xi> Ze) < R\ (X, ZT)Xia Zy > (2 4 5)
< R,\(Xi, Zr)X’i7 Zy > KA(X¢7 Zr) o
and
K\(Y;, Zy) < R\(Y:,Z,)Y;, Zg >» (2.4.6)
< R\(Y;, Z,)Y;, Zg > K\(Y;, Z,) o

are negative semi-definite.
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Proof. First, notice that the matrices in (2.4.5) and (2.4.6) are of the exact same form
as the matrices in equations (2.4.3) and (2.4.4).

To prove the proposition, we first assume that conditions (1) and (2) hold. Then,
by (2), lines (2.4.1) and (2.4.2) in the calculation for (R(A, B)A, B), are nonpositive.
By (1), the first two lines are also nonpositive. Therefore, the metric A must have
nonpositive sectional curvature.

So let us now assume that all sectional curvatures of A are nonpositive. This
clearly implies statement (1). To verify statement (2), we consider specific 2-planes o
which correspond to choosing specific coefficients aq, as, as, b1, b, ... bg. In particular,

we begin by specifying that
a3:a5:b2:b3:b4:0.

The only nonzero line in the calculation of (R(A, B)A, B), with this choice of coeffi-

cients is (2.4.1). Note that az = a5 = 0 forces a; = +1. The vector

a1bs o bs
o) == i)

can obtain any direction in RP! for different choices of bs and bg. So the only way to
ensure that (2.4.1) is nonpositive for all possible selections of these variables is if the

matrix

|:R1515 R1516:|
R1516 R1616

is negative semi-definite. An identical analysis shows that we also need the matrix

|:R3535 R3536:|

R3536 R3636

to be negative semi-definite, verifying the necessity of condition (2). n
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Remark 2.4.2. Condition (1) in Proposition 2.4.1 forces the matrices in (2.4.5) and
(2.4.6) to each have at least one nonpositive eigenvalue. If one of K)(X;, Zy) or
K\(X;, Z,) are negative (as opposed to nonpositive), then the matrices of the form
(2.4.5) must have at least one negative eigenvalue (and similarly for K,(Yi, Zp),
K\(Y;, Z,), and (2.4.6)). In this case, matrices of the form (2.4.5) are negative semi-
definite if and only if their determinant is nonnegative. So, if K)(X;, Zy) < 0 or
Kx(X;, Z,) <0, and condition (1) in Proposition 2.4.1 holds, then X is nonpositively

curved if and only the matrices in (2.4.5) and (2.4.6) have nonnegative determinant.

The proof of Proposition 2.4.1 combined with Remark 2.4.2 gives the following

Corollary.

Corollary 2.4.3. Let ¢ > 0, and suppose that either Kx(X;, Zy) or K\(X;, Z,) are
bounded above by a negative constant that is independent of €. Also, assume that
condition (1) in Proposition 2.4.1 is satisfied. Then there exists ((¢) > 0 such that, if
all matrices of the form (2.4.5) and (2.4.6) have determinant greater than —(, then

the sectional curvature of X is less than e.

We are now ready to prove Theorem 2.1.6 (1).

Proof of Theorem 2.1.6 (1). We again let £ = H™ ! x H* ! x S!, and let ¢ > 0
be given. Let § denote the normal injectivity radius of S in M. We first define a
piecewise-smooth metric §’ by prescribing specific values for the functions «, [, and
f in equation (2.3.8) on different portions of £ x R. We will show that, for a set
of parameters all chosen sufficiently small, the sectional curvatures of §’ at all points
where it is smooth are bounded above by /2. We will then argue that we can C*-

approximate ¢’ by a smooth metric § whose sectional curvatures are as close to those
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of §’ as we like. The metric § will agree with b, x b, outside of a sufficiently small
tubular neighborhood of H™ ! x H" !, and so will thus descend to a well-defined
metric g on N. An easy argument will show that we can choose all parameters
sufficiently small so that vol(N, g) < vol(M, b, x b,,) + £ for any prescribed £ > 0.
The metric ¢’ will depend on a set of small positive parameters 7,1, 72, and 7s.
The value of 7; will be the value of r at which the functions fi(r) = ne” and fao(r) =r
intersect (which is at approximately r = 7). For now, we will assume that all other
parameters are given positive numbers that satisfy n1 < 1, < n3 < d. At the end of
the proof we will discuss the order in which we choose these parameters. Also note

that, for » > 0 small, we have the approximations

2

1
cosh(rcosf) ~ 1+ 3" cos® 0

1
cosh(rsinf) ~ 1+ 57“2 sin® 6.

Since all of our calculations below occur for r ~ 0, and the condition K, < ¢ is an
open condition, we will use these approximations for the remainder of the proof to
simplify calculations.

We define the metric §’ via (2.3.8) by
1. f=ne"and a=pF=1o0n E x (—oo,m).
2. f=randa=p=1on FE x (n1,1n2).

3. On E x (n2,n3) we define f =r and



4. On E x (n3,00) we have f(r) =r and
Lo o
a(r,d) =1+ 57 cos 7

1
B(r,0) =1+ §r2 sin” 6.

We quickly note that the metric ¢’ is not only piecewise-smooth, but it is also C° and
is Ct at E x {m}.

It is a straightforward calculation using Proposition 2.4.1 to show that ¢ has
nonpositive curvature over E X (—oo,n;) and E X (m;,12). Of course, ¢’ is the product
hyperbolic metric on E X (13, 00) and thus has nonpositive curvature over this region.
Our real task is to show that, for 7, chosen sufficiently small?, Ky < e on E X (12,73).

Of the sectional curvatures in equations (2.3.15) through (2.3.22), it is clear that
all of these are nonpositive except for K, (X;, Zy) and K, (Y, Zy). For K, (X;, Zy),

we have

1
Kg’(Xia ZH) =~ <f/ar + %)

Ja f?
_ _i <n—?2’(7~ — 1) cos? 0 + 77—92,<T — n2)2(sin2 0 — cos? 0))
ra \ (13 — 12)? (13 — m2)?
_n2 _ _
= %(r — 1) {(1 _r 772) cos® @ + r=m sin? 9}
ro(ns — n2) r r
2
713

= m(r — 1) [n2c08? 0 + (r — 12) sin? 0]

which is clearly nonpositive for all values of . The calculation for K, (Y;, Zy) is
identical.

We now move our attention to the matrix in (2.4.5), again with the calculations
for (2.4.6) being identical. We first need the intermediate calculations

2
Ky (Xi, Z,) = L S——

a (13 —m)

2The calculation turns out to not depend on the size of 7s.
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and

<R(Xla Zr>Xi7 Z9> = fioz (& — Oérg>

_ L [_—17?2’(7’— )281n90089+2—n§(r— )Sin90089:|
ra lr(—mp " (s —m)? "
= 77—?2’(7" ) <1 + @> sin @ cos 6

ra(ns — ne)? r '

Letting

= K\(X;, Zy) < R\(Xi,Z,)X;, Zg >
< R,\(Xz‘, Zr)sz Zo >» K,\(Xz', Zr)

we have

15 (r —n2) 2 2 .2
Det(Q) = T T— cos” 6 (nz cos® 0 + (1 — 1) sin” 0)
4 2
n3(r —1n2) m\2 . o 9
— R R— <1 + 7) sin” 0 cos” 6
s(r — 2
=) 7008”0 [772 cos” 0 + (1 — 1) <1 -(1+2) ) sin? 0] L (247)

- r2a?(ns — 1) r

First note that Det(Q) = 0 when r = ny. Also, when sin§ = 0 it is clear that (2.4.7) is
nonnegative. The reason why ¢’ does not have nonpositive curvature over E X (12, 13)
is because the coefficient of sin®@ in (2.4.7) will generally be negative. But notice
that, as 1, approaches 0, Det((Q)) approaches 0 for all values of r and 6. So, for any
prescribed value of ¢, we can choose 7y sufficiently small so that Det(Q) > —( for all
values of 7 € (12,73) and 6 € S*.

Also notice that, as 7, approaches 0, we have
Ky (Xi, Zg) — —sin?0  and K, (X;, Z,) — — cos® 0.

Thus, at least one of these values is always nonzero. An identical analysis applies
for the matrix in equation (2.4.6). Therefore, by Corollary 2.4.3, we can choose 7y
sufficiently small so that K is bounded above by /2 over E X (12, n3).
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We can use Lemma 2.3.1 to smooth ¢’ near E' x {n;} in such a way that our smooth
metric ¢ will have nonpositive curvature in this region. At E x {ny} the function g’
is O, and the only obstruction to being C? is a,,. One sees immediately from the

definition of §’ that

lim o, =0
=1y

02
lim o, = —32 cos? 6.
1ﬂ—>77;r (T]?) - 772)

We can now apply Lemma 2.3.1 to «,, in a small neighborhood of 7, (and keeping 6
fixed), and integrate to obtain an appropriate smoothing of a.

To analyze E x {ns}, let

;3

2 2
—__(r— 0
m— 1) (r —m)* cos

ay(r,0) =1+
and
Lo o
as(r,0) =1+ g7 cos 6.

Notice that, as 7o — 0, a1 smoothly approaches as. So, for 7, chosen sufficiently
small, we can find p < (1/4)(ne — m1) and a function « : S* X [ge — p,m2 + u] = R

such that
e a = oy on a small neighborhood of S' x {ny — u}.
e a = ay on a small neighborhood of S! x {ny + u}.
e |ay — a2 < ¢’ for any prescribed £ > 0.

Hence, we can smooth ¢’ to obtain a smooth metric g which satisfies K, < ¢.
Let us quickly discuss is how we choose our parameters. We begin by choosing 73
less than . We then choose 7, sufficiently small so that K, < /2 on E X (n2,n3) as
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discussed above, and so that curvatures change by at most €/4 when smoothing ¢’ to
obtain g near E'x{ns}. Finally, we choose 7 sufficiently small so that n; < (1/2)n,. We
still need to smooth ¢’ in small intervals about 7; and 7,. We perform all smoothing
in intervals which are less than 1/4 of the distance to the next closest parameter. In
this way there will be no overlap on the intervals where we smooth §’. Finally, we
decrease the values for 1y and n, if necessary, to satisfy the volume conditions below.

The last thing that we need to consider is the volume of (NN, g). Suppose the
submanifold S has k components, and let S’ be one of those components. Since
a = f =1 for r in (—00,0), by Fubini’s Theorem we have that the volume of this

portion of the cusp corresponding to S’ is

0
27TV01(S')/ ne” dr = 2mnvol(S’).

We can choose n > 0 sufficiently small so that this quantity is less than £/(2k) for any
prescribed € > 0. Also, the functions «, 3, and f are bounded, independent of the
parameters, on (0,73). So by a direct inequality we can bound the volume of N over
this region by £/(2k) by choosing ns sufficiently small. Thus, the metric g has volume
at most £/k within the ns-neighborhood of S” (measured with respect to b, X b,),

and therefore vol(NV, g) < vol(M, b, X b)) + €.

2.4.2 Riemannian Metrics on Branched Coverings

To prove Theorem 2.1.6 (2), we need the following result from [15].

Theorem 2.4.4 ([15] Section 2). Let (M, gn) be a nonpositively curved manifold,
(S,gs) a totally geodesic, codimension two submanifold of M, and suppose that, on
some r-tube about S, we have that gy = gs + ea. Let Xy denote the d-fold cyclic
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branched cover of M about S, and ¢4 : Xq — M the associated ramified covering
map. Then, given any 01,09 > 0 with 0 < 01 < 03 < 71, there ewists a smooth,

nonpositively curved metric g on X4 such that
1. g = gum = gs + e2 on the o1 neighborhood of S, and

2. g = ¢hgm outside of the dy neighborhood of S. In particular, on the (62,7)-

annulus of S, we have g = gs + ¢j(e2).

Note that, in Theorem 2.4.4, we abuse notation and also use S to refer to the

ramification locus of X.

Remark 2.4.5. Theorem 2.4.4 is essential in Fornari and Schroeder’s proof of Theorem
2.1.1 (2) in [15]. But note that, by Remark 2.3.5, Proposition 2.3.2 can only be used
to construct a metric on H™ x H" which will descend to M and satisfies gy = gs + €9
whenever T' splits as a product. This is why the argument in [15] only applies to

product lattices.

We can now use Theorem 2.4.4 and a very similar argument as in the proof of

Theorem 2.1.6 (1) to prove Theorem 2.1.6 (2).

Proof of Theorem 2.1.6 (2). Let E =R™ ! xR"! xS! let € > 0 be given, and let §
denote the normal injectivity radius of S'in M (which is equal to the normal injectivity
radius of S in X,). Let Xd be the universal cover of Xy, which is diffeomorphic to
R™™ = F x [0,00), and let ¢ : X, — X, denote the associated covering map. Define
¢4 as in Theorem 2.4.4, and let ¢4 = ¢4 0 ¢.

Choose d; and 0y with 0 < §; < dy < (1/2)0, and consider the metric Bt +
l?)n_l + €3 on Xd. This metric satisfies the “local product” assumption in Theorem
2.4.4. So there exists a smooth, nonpositively curved metric §; on X, which satisfies
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® g = Gm—l + 6n—1 +é, on E x [0,d;).
® §1=bp 1+ b, 1 +d?% on E x (J,00).

Take S' and subdivide it into d equidistant subintervals A, ..., A4. The metric
g1 restricted to the manifold R™! x R"™1 x A; x (09, 00) is equal to b1+ bn_1 + o
In what follows we restrict our calculations to ¥; = R™™1 x R"™1 x A; x (d,00), and
we perform the same procedures on Y; for each 7 so that our metrics glue together to
give a well-defined metric on Xj.

Choose 19,13 > 0 such that dy < 19 < 13 < d. We use equation (2.3.8) to define a

metric g5 on Y; as follows:
1. f=randa=p=1o0n E X (2,12)-

2. On E x (n2,n3) we define f =r and

3. On E x (n3,00) we have f(r) =r and

1
a(r,f) =1+ 57’2 cos? 0

1
B(r,0) =1+ 57‘2 sin? 6.

The definition of g, above is identical to the last three steps in the definition of §’ in
the proof of Theorem 2.1.6 (1). Via this same argument, we can smooth g, to obtain
a metric g, on Y; with all curvatures less than €. This metric g, descends to a metric

go on the complement of the 5 neighborhood of S in M.
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There exists x4 > 0 such that, for each 4, the metrics §; and g, agree on R™! x
R™ 1 x A; x (09,85 + p). We then define the metric g on X, by

- {§1 on F x [0,52}

©(92) on E x [65,00) (2.4.8)

g
Via the discussion above, g is well-defined on the overlap of these regions and thus
defines a smooth metric on X, whose curvatures are bounded above by ¢. Since this
metric agrees with ¢%(h,, + b,) outside of the d-neighborhood of S, it descends to a
well-defined metric on X,;. An identical argument to the proof of Theorem 2.1.6 (1)

shows that, by choosing ¢ sufficiently small, we can bound the volume of (Xy, g) by

d-vol(M, b, x b,) + & for any £ > 0. O

2.5 Future Works: Topology of (M, S)

The group m(N) will not be relatively hyperbolic relative to the fundamental
groups of its ends. Therefore we cannot directly conclude many standard rigidity
results for m(N), for instance those obtained in [5], [4], and [6]. But when I" splits
as a product, Theorem 2.1.1 allows us to conclude statements about the topological
rigidity of 7 (V). In particular, by combining Theorem 2.1.1 with results from Farrell-

Jones [12] and Lafforgue [29], we conclude the following.

Corollary 2.5.1. Suppose (M,S) is as in Theorem 2.1.1. If N is a compact as-
pherical manifold with 7 (N) = 7 (N), then N satisfies Borel’s conjecture provided

dim(N) > 5. Moreover, if m(N) satisfies Lafforgue’s Rapid Decay property, then it
satisfies the Baum-Connes conjecture.

As an immediate consequence of Corollary 2.1.4, we have that N virtually satisfies
the conclusions of Corollary 2.5.1 when I' is reducible. Using “graph of groups” style
arguments, we can prove the following results about 71 (N).
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